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Abstract

Mixture-of-Depths (MoD) enables conditional computation across Transformer depth by routing only a subset of tokens
through selected layers, but its original one-sparse--one-dense alternation tightly couples total capacity to active capacity
and limits sparse-depth scaling. We introduce X-MoD, a scalable sparse-depth architecture that decouples token sparsity
from anchor stride, allowing total parameter count to grow while keeping active-equivalent capacity neatly fixed. To make
deep sparse routing trainable, X-MoD combines dense anchors with variance-scaled layer-wise gating and depth-wise token
balancing. To make this regime analyzable and usable, we formulate sparse-depth routing as a conditional architecture-
design problem: given compute, context length, and active-equivalent backbone size, how should the routing configuration
be chosen? We develop a practical scaling-law framework by fitting X-MoD relative to FLOP-matched dense baselines,
yielding an interpretable law that decomposes performance into sparse-capacity gain, sparse-context correction, and anchor-
stride interaction. The law predicts validation loss across routing configurations and reveals how context length, model scale,
and anchor stride shape sparse-depth performance. We validate the architecture and law through pretraining sweeps, held-

out scaling-law prediction, ablations, downstream evaluations, and comparisons with Dense, MoD, and representative MoE

. 1 .
baselines. [1 Anonymous code release: https://anonymous.4open.science/r/X-MoD/ (https://anonymous.4open.science/r/X=Mo

D/)]

1 Introduction

Scaling model capacity has repeatedly proven to be one of the most reliable ways to improve language model performance
and unlock new capabilities. Classical scaling-law studies for dense Transformers show that model size, data, and training

compute interact in a highly structured way, leading to predictable compute-optimal trade-offs (Kaplan et al., 2020;

Hoffmann et al., 2022). More recently, sparse architectures such as Mixture-of-Experts (MoE) have demonstrated that total
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parameter count and per-example computation need not grow in lockstep: by activating only a subset of parameters for each

input, one can substantially increase model capacity without a proportional increase in FLOPs (Shazeer et al., 2017;

Lepikhin et al,, 2021; Fedus et al., 2022: Dai et al., 2024). This raises two natural questions for token routing actoss depth:

Can sparse-depth architectures achieve a similar decoupling between total and active capacities? Can we derive practicai

scaling laws that guide their design?

Mixture-of-Depths (MoD) routes selected tokens through Transformer layers; the best-performing configuration in the

original study alternates sparse and dense layers (Raposo et al., 2024). This fundamentally limits sparse-depth scaling: total

and active-equivalent parameter counts remain tightly coupled, with a ratio below two for equal-sized layers, preventing the
aggressive total-capacity expansion enabled by MoE. Breaking this limit requires longer sparse stacks, which can concentrate
updates on a small token subset; greater token sparsity also reduces attention context. Scaling sparse depth therefore

requires both a trainable architecture and a rule for balancing capacity against context.

In this paper, we introduce X-MoD, a scalable sparse-depth architecture that generalizes MoD beyond strict one-sparse —
one-dense alternation. X-MoD disentangles two degrees of freedom that are tightly coupled in the original design: the token
sparsity ratio K, which determines the fraction of tokens entering each sparse layer, and the anchor stride A, which controls
how many sparse refinements a token receives on average between adjacent dense anchors. This decoupling allows X-MoD
to substantially increase total parameter count while keeping the active-equivalent capacity neatly fixed. To make this
regime trainable, we combine dense anchors with three simple but effective mechanisms: layer-wise gating with variance

scaling, depth-wise token balancing, and an asymmetric hierarchy.

To guide configuration within this expanded design space, we develop a practical scaling-law framework for X-MoD. We
formulate sparse-depth routing as a conditional architecture-design problem: given a training compute budget, a context
length, and an active-equivalent backbone size, how should the architecture be configured—specifically, how should K and A
be chosen? Rather than fitting raw loss directly, we construct a FLOP-matched residual over a dense baseline, which isolates
spatse-specific gains and costs while preserving the dense backbone as a stable reference. This residual formulation
simplifies to a compact and interpretable law that captures how total versus active capacity, sparse-layer context, and
anchor stride jointly shape performance, thereby turning sparse-depth routing from a purely architectural heuristic into a

quantitatively analyzable design dimension and providing quantitative guidance for configuration selection.

Our main contributions are as follows:

» Architecture: We propose X-MoD, a scalable sparse-depth Transformer that generalizes Mixture-of-Depths through
independently controllable token spatsity K and anchor stride A, enabling a substantially larger gap between total and

active-equivalent parametet counts.

e Scaling law: We formulate sparse-depth routing as a conditional architecture-design problem and develop a
practical scaling-law framework via a FLOP-matched residual over dense baselines, capturing total capacity, sparse-

layer context, and anchor stride.



*  Empirical validation: We validate both the architecture and the resulting law empirically through held-out scaling-
law prediction, pilot-selected X-MoD configurations, ablations, downstream evaluations, and comparisons with Dense,

MoD, and representative MoE baselines.

2 X-MoD: A Scalable Sparse—-Depth Architecture

(a) Inter-Layer Architecture Comparison (b) Intra-Layer Computation Mechanism
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Figure 1: MoD vs. X-MoD. X-MoD decouples token sparsity K from anchor stride A, enabling a substantially larger gap

between total and active-equivalent parameter counts.

2.1 Revisiting Mixture—-of-Depths

Mixture-of-Depths (MoD) introduces conditional computation along the depth dimension by routing only a subset of tokens

through selected Transformer layers (Raposo et al., 2024). In its original form, the architecture follows a strict dense — sparse

alternation:

([Sparse(K)] + [Dense]) . (])

where [Sparse(K)] denotes a sparse layer that processes only the top—% fraction of tokens, while the remaining tokens

bypass the layer through an identity path.

This design is effective for stabilizing training: every sparse layer is immediately followed by a dense layer that restores full-

token communication and mitigates token imbalance and gradient instability when sparse routing is stacked across depth.



However, the same alternation also imposes a structural limit on how sparse the architecture can become. Within each
. . . . 1 o
spatse — dense pair, the average activated capacity per token is 1 + z whereas the total parameter capacity is 2 layers.

Equivalently, the total-to-active parameter ratio is

2 2K

—_— =<2 2
1+1/K K+1 @

Hence, even when K is large, the original MoD design cannot substantially decouple total parameter count from active-

equivalent parametet count. In practice, Raposo et al. (2024) report an optimum around K = 8 under this restricted regime.

Thus, unlike MoE, the original MoD, with the fixed one-sparse — one-dense pattern, cannot continuously increase total

capacity while keeping active capacity approximately fixed, limiting its pretraining scalability.

2.2 X-MoD

To remove this bottleneck, we generalize MoD into a sparse-depth hierarchy with independently controllable token sparsity

and sparse-depth density. The resulting architecture, which we call X-MoD, is

[Dense] wno T ([Sparse(K)] war T [Dense]) , 3)

XN

where N, denotes an initial dense prefix, N; is the number of sparse — dense blocks, and A is the anchor stride, with dense
layers serving as anchors. Intuitively, A controls how many sparse refinements a token receives on average between two

. . . 1 . .
adjacent dense anchors. Since each sparse layer activates only a 7 fraction of tokens, placing AK sparse layers between two

dense anchors yields an average of AK - % = A sparse updates per token within one sparse — dense block. Figure 1 illustrates

the resulting hierarchy.

Let Nigyer denote the parameter count of a dense Transformer layer. Under X-MoD, the total parameter count is
N(K, A) = Nigyer (No + Ni(1 + AK) ), @
while the active-equivalent parameter count, defined as the average number of parameters traversed by a token, is
Naet = Nigyer (No + Ni(1 + A)). ®)

The total-to-active ratio is therefore N(K,A) / N, which grows approximately linearly in K for fixed A when the sparse
backbone dominates. This decoupling is the central property that enables X-MoD to explore sparse-depth scaling regimes

inaccessible to the original MoD design.



2.3 Stabilization and token balancing

Increasing the total-to-active ratio makes X-MoD more scalable, but stacking many sparse layers between dense anchors can

introduce optimization instability and token-routing imbalance. We use three lightweight stabilizers.

(i) Layer-wise gating with variance scaling. Let xf denote a selected token at sparse layer €. In the original MoD, the routing
score gates only the FEN residual ff, while the attention residual a‘f is injected unscaled. X-MoD instead gates the whole

selected-layer residual:

) 0, 0, 0l ~ gt
xi,l\t{;D =x; +a; +r; O fi, (©)

£
X Smop =X+t © (af + fD). %)

This makes the routed computation consistent and stabilizes residual variance through the learnable scale ¢¢. Figure 1

compares the original MoD and our X-MoD variant.

(ii) Depth-wise token balancing. A second failure mode of sparse-depth stacking is token collapse: successive sparse layers
may repeatedly select the same small subset of tokens. To discourage this behavior, we propagate a token-choice bias across
sparse layers within a sparse — dense block. Let sl@ be the router logit of token i at sparse layer ¢. Before top—% selection, we

adjust it as
rl@ = sigmoid (sl@ - ‘rbl—), ®)

where b; increases whenever token i is selected and is reset at the next dense anchor, discouraging repeated selection without

enforcing uniform routing.

(iii) Asymmetric hierarchy. X-MoD keeps the first N layers dense and introduces sparse-depth routing only in deeper layers.
This reflects the empirical observation that early layers primarily build stable lexical and syntactic representations, whereas

deeper layers are more suitable for conditional computation and token-specific refinement.

Taken together, these mechanisms make X-MoD trainable in regimes where the original one-sparse — one-dense MoD

architecture becomes too restrictive.
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Figure 2: Empirical regularities motivating the X-MoD scaling law. (a,b) Loss is U-shaped in K, and the optimum shifts

with context length L, also visible under sparse context Ly = L/ K. (¢) Varying N, has weaker effect on optimal K. (d)

3 Practical Scaling Laws for X-MoD

3.1 A conditional design problem

The practical goal of X-MoD is to provide a design rule for sparse-depth routing. Given a training compute budget C,

sequence length L, and active-equivalent backbone size N, we seek the sparsity K and anchor stride A that minimize the



final loss:

(K*,A*) = arg I}(HI? Lxmop(K, A, C, L, Nyer). 9)

This is a conditional design problem: N, is chosen according to the desired active-capacity or deployment budget, and the
scaling law quantifies how routing configurations affect performance within that budget. To separate sparse-depth effects

from the dense backbone, we define a matched-FLOPs residual

A
A(C, L, Ny, K,A) = LX-MOD(C’ L, Ny, K, A) - Ldense(cy L, Nact), (10)

where £ is obtained by interpolating dense validation curves at matched FLOPs for the same sequence length and

dense
backbone family. This subtracts the contribution of the matched dense reference at the same FLOPs, sequence length and

backbone family, leaving the residual variation associated with sparse-depth design to be modeled.

3.2 Mechanistic constraints and empirical regularities

We consider four candidate mechanisms for the residual law. Increasing total sparse capacity from N, to N(K, A) should
reduce loss. Sparse runs may differ from matched dense baselines in effective token exposure, motivating a candidate
exposure correction. Sparse layers obsetve only routed sequence subsets, so the law must capture reduced sparse-layer

context. Anchor stride should matter only under active sparse routing, implying an A-K interaction.

The sweeps in Fig. 2 reveal a consistent trade-off. Loss is U-shaped in K, requiring both a reward for increasing total sparse
capacity and a correction for the reduced context observed by each sparse layer. The optimum R shifts strongly with context
length L, also visible when plotted against sparse context L, = L / K; by contrast, changing N, has a weaker effect. The 64k
context and N, = 1.65B setting extend beyond the ranges used to construct the law and follow the same qualitative trends.
Under fixed-N,, sweeps, the effect of anchor stride A also varies with K. These observations motivate the capacity, context

and anchor-stride features of the law.

Inspired by Hoffmann et al. (2022) and Abnar et al. (2025), we parameterize the capacity reward and sparse-context

cortrection as

_ N(K,A)\ ™"V
Ry =N [1 - ( N > } 11)
L\ ™"
P, =L [(f) —1}, Li=L/K 12)

Here N, is evaluated as a parameter count and L as a token count; their units are absorbed into the fitted coefficients u

For anchor stride, we use the controlled A-sweep where N, is fixed and increasing A reallocates active-equivalent budget

from dense anchors toward sparse refinements. Appendix A.1 derives the normalized sparse-equivalent share



w(A) = 2A / (A + 1). Since this benefit appears only when sparse routing is active, we define

2A

Rux= (K% —1)[0@ -1]. @A) =7

13

Each retained feature is tied to a specific sparse-depth mechanism and is anchored to the corresponding dense reference

point.

3.3 A practical scaling law

We use the following residual law in the main text:

A(C,L,N,

ct?

oy
KA) ~ e—uN”N[l - (N(K’A) ) ]

act Nact
14
24 \Pa
(A +1 ) - 1]’

+w L (KL —1)— z(Kx — 1)

CN CLKp L
Ay ¥ —— + ——, (15)
NAgew L™

where the first term decreases with K and the second increases with K. Thus K initially improves performance by increasing
total sparse capacity, but excessive sparsity eventually hurts because each sparse layer receives less context. The same

approximation gives the optimal K value

R« L/ ey +pPIN, ! (v +en), (16)

dependence on active-equivalent model scale, matching the empirical trends in Fig. 2. The A-term further favors larger
sparsity when more active-equivalent budget is allocated to sparse refinements, with saturating gains through the sparse-

share ratio 24 / (A + 1).

4 Experiments

4.1 Experimental Settings

Data and evaluation. All models are pretrained on FineWeb-Edu (Lozhkov et al., 2024) tokenized with the GPT-2 tokenizer.

We report validation language-modeling loss on held-out shards. MoD and X-MoD are trained with non-causal top-k



routing but evaluated with a causal threshold rule Raposo et al. (2024); unless otherwise stated, all reported validation losses

use this rule. We also evaluate selected checkpoints on a fixed set of downstream validation tasks: HellaSwag (
Zellers et al., 2019), ARC-Easy and ARC-Challenge (Clark et al., 2018), PIQA  (Bisk et al., 2020), LAMBADA (
Paperno et al., 2016) and BoolQ (Clark et al., 2019).

Training and FLOPs accounting. All models are trained under the same recipe, with a fixed token budget per optimization
step across sequence lengths L. Training curves and model comparisons are aligned by logged training FLLOPs. The training

recipe, model configurations, compute budgets and evaluation protocols are collected in Appendix B.

Scaling-law sweeps. We vary sparsity K, context length L, active-equivalent size N, and anchor stride A, comparing each
sparse configuration with its dense reference at matched training compute (Fig. 2). The L = 64k and N, = 1.65B settings

are prespecified out-of-range extensions and are excluded from fitting the multivariable law. Sweep grids and fitting

4.2 Out-of-Sample Validation

A useful design law should predict held-out settings, not merely interpolate the sweeps used to fit it. We evaluate Eq. (14) by

withholding complete context-length, anchor-stride or model-scale groups, refitting on the remaining observations, and
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Figure 3: Predicted vs. true validation loss. (a) In-range fit (circles) and out-of-range predictions without refitting (squares).

(b — d) Leave-one-group-out predictions by L, A and N, respectively.

Figure 3a shows close agreement between predictions and measurements, both within the fitting range and at the longer-

context and larger-model extensions. The grouped tests (Fig. 3b — d) retain this accuracy, indicating that the law captures



4.3 Main Results against Dense, MoD, and MoE

MoE is the closest sparse-capacity analogue to X-MoD: both decouple total capacity from active computation, but MoE
routes across width while X-MoD routes across depth. We first grid-search MoE sparsity and expert granularity at

Nyt = 165M under a matched training-compute budget. The search selects MoE 8:64 and 8:128 as the lowest-loss baselines

and Fig. 4). At larger scales, we retain these settings and match N, and C across models.

Across the evaluated scales (Table 1), X-MoD consistently improves over Dense and the original MoD, and is competitive
with or better than representative MoE baselines at similar total parameter scale and training compute, while using
substantially lower per-token FLOPs. The downstream averages generally follow the validation-loss trend, suggesting that
the gains are not limited to the pretraining metric. Measured systems performance at the 936M active-equivalent scale
further shows higher training and forward-inference throughput than the approximately total-parameter-matched MoE

alternative to sparse width for expanding model capacity.



Table 1: Main results under matched active-equivalent size and training compute. N denotes total parameters, and ¢ / ¢,
denotes per-token training FLOPs normalized by the dense model with the same N, and sequence length. The best results

are highlighted in bold. Detailed compute budgets and full model configurations are reported in Appendix B.

Nu:  Model N ¢/¢,1 Loss | Hella. T ARC-e I ARC-c 1 PIQA 1 LAMB. ! BoolQ 1 Avg. 1
Dense 0.54B 100 2773 3042 51.93 2321 63.80 1847 6052 4139
MoD 0.87B 092 2692  34.00 58.75 2594 66.43 2133 5199 43.07
MOoE 8:64 2.46B 100 2564  36.62 62.25 2730 68.99 2637 60.95  47.08
556M x MoD A4KS  2.64B 047 2549 3830 62.08 2756 6834 29.19 58.62 4735
MOoE 8:128 4.58B 100 2528 3857 64.98 3038 7018 2725 5630  47.94
X-MoD A3K16  4.79B 046 2503  38.00 6431 2841 70.13 3049 6049  48.64
Dense 936M 100 2635 3518 59.85 2671 6752 2416 5985 4554
MoD 1488 092 2570  36.67 62.04 2654 68.72 26.14 60.89  46.83
o3gn MOE 8:64 451B 100 2445  40.62 67.76 3234 7122 33.11 60.80  50.97
X-MoD A4K8 4.52B 051 2427 4126 68.69 3345 7122 33.55 6043 5143
MOoE 8:128 8.48B 100 2412 4130 70.16 3396 7078 3423 6006 5175
X-MoD A3K16 8.24B 050 2402 4207 67.80 3379 7203 3464 6067 51.84
Dense 1.65B 100 2531 37.66 63.30 2850 69.64 2845 6122 48.13
MoD 267B 093 2502  40.69 65.36 20.10  70.08 2946 6089  49.26
MOoE 8:64 9.28B 100 2367  42.43 67.51 3379 7231 3508 6141 5212
1.65B X_MoD A4K8 831B 057 2359  42.99 69.02 3319 72.03 34.45 6202 52.28
MoE 8:128  17.16B 100 2333 43.56 70.66 3532 7296 3547 6162 5327
X-MoD A3K16 14.73B 056 2322 4347 7125 3532 72.58 3745 61.04 5352

4.4 Ablations

Tables 2 and 3 examine the sources of X-MoD’s gains through mechanism controls and component removals, respectively.

Table 2: Mechanism controls of X-MoD. All variants use the 936M reference backbone. Metrics follow Table 1;

Variant Total N ¢ /¢, Loss | Hella. 1 ARC-e T ARC-c T PIQA 1 LAMB. 1 BoolQ 1 Avg. 1

Dense 936M 1.00 2.635 35.18 59.85 26.71 67.52 24.16 59.85 45.54
MoD 1.48B  0.92 2.570 36.67 62.04 26.54 68.72 26.14 60.89 46.83
Routed-FFN A4K8 326B 1.00 2.508 37.97 64.27 28.92 70.29 29.79 60.95 48.70
Routed-FFN A3K16 5.68B 1.00 2.482 40.71 65.61 30.38 69.15 29.89 60.37 49.35
Full X-MoD A4K8 452B  0.51 2.427 41.26 68.69 33.45 71.22 33.55 60.43 51.43
Selected-Q / full-KV A4K8 4.52B  1.09 2.564 38.44 61.66 27.65 68.01 28.90 57.71 47.06
Full X-MoD A3K16 8.24B  0.50 2.402 42.07 67.80 33.79 72.03 34.64 60.67 51.84

Selected-Q / full-KV A3K16 824B 1.19  2.558 38.35 62.04 27.56 68.28 29.13 58.62 4733




Table 3: Ablations of X-MoD stabilization mechanisms. All variants are compared under the same N, = 936M. AlLoss is

measured relative to Full X-MoD; task scores follow Table 1.

Variant Loss | ALoss Hella. 1 ARC-e 1 ARC-c 1 PIQA © LAMB. 1 BoolQ 1T Avg. t

Dense reference 2.635 +0.159 35.18 59.85 26.71 67.52 24.16 59.85 45.54
Full X-MoD A1K16 2.476  0.000 40.64 66.08 30.80 71.27 30.58 61.31 50.12
w/o dense anchors 2.579 +0.103 36.35 62.63 28.33 69.53 26.59 58.96 47.06
w/o gated residual scaling 2492 +0.016 40.62 65.19 29.27 69.31 29.73 60.58  49.12
w/o token-choice bias 2.657 +0.181 34.59 59.85 26.54 67.52 22.01 59.11 44.94
w/o dense prefix 2.487 +0.011 40.41 65.19 30.20 69.70 29.69 61.01 49.37

Conditional capacity. We first use two counterfactual controls at the 936M reference scale to separate conditional-depth
capacity from sparse-layer attention-context selection (Table 2). The Routed-FFN control repeats A groups of full-sequence
attention followed by K routed FFN refinements between dense anchors. Both Routed-FFN variants improve on Dense at
the same active-equivalent size, per-token FLOPs and training compute, with further gains from the larger-capacity variant.
This supports a contribution from increased conditional parameter capacity even without sparse-layer attention-context

selection.

Attention context. The Selected-Q/full-KV diagnostic in Table 2 instead retains the router, selected queries, total depth and
total parameters of X-MoD, while allowing all tokens to provide keys and values. The additional K/V projections increase
active computation and per-token FLOPs. Under this fixed-C objective, the full X-MoD design offers a more effective
allocation of computation than expanding the sparse-layer KV context. Detailed control configurations are given in

Appendix Table 7.

Stabilization mechanisms. We then ablate the stabilization mechanisms introduced in Section 2.3 on the 936M model. All

variants use the same N,., context length, and training compute, so the comparison isolates the effect of each X-MoD

act>
component. Table 3 shows that each mechanism contributes to sparse-depth training. Removing dense anchors causes a
large degradation, indicating that petriodic full-token synchronization is important when many sparse layers are stacked.
Removing depth-wise token-choice bias causes the largest degradation, confirming token concentration as a major failure
mode in sparse-depth routing. Gated residual scaling gives a smaller but consistent improvement by stabilizing the selected-

layer residual, while the dense prefix improves eatly representation learning. Removing any of the four components increases

validation loss and lowers the downstream average relative to the full model.

removing token-choice bias causes routing to collapse onto a petsistent token subset: consecutive sparse layers repeatedly
select highly overlapping token sets, with a pronounced concentration of tokens updated in all 16 sparse layers (Appendix

Fig. 5a). The full A4K8 and A3K16 models combine near-complete interval coverage with low consecutive-layer ovetlap



agreement when computed from the same routing scores, supporting close alignment between the training-time and

deployable selection rules.

Depth scaling. Stable training through 412 total layers demonstrates that the architectural changes support substantial

sparse-depth expansion (Appendix Table 9).

5 Limitations and Future Work

This work studies X-MoD as a sparse-depth architecture in isolation, but practical sparse models often combine multiple
forms of conditional computation. For example, X-MoD could potentially be combined with sparse-width routing such as

MoE, recurrent-depth mechanisms such as Loop Transformers, or inference-time token pruning Shazeer et al. (2017);

open question is whether the scaling laws of these mechanisms compose additively or interact nonlineatly. This is especially
important because spatrse activation along depth may weaken gradient stability when many conditional layers are stacked,
while MoE introduces its own routing imbalance and expert-specialization dynamics. Understanding the joint scaling

behavior of sparse depth, sparse width, and recurrent computation is therefore an important direction for future work.

The fitted law is evaluated across the model sizes, context lengths, sparsity levels, and anchor strides studied here, including
held-out groups and the out-of-range configurations in Figure 3. Extending these tests to larger models, longer training
horizons, additional seeds, and broader compute budgets would establish how the design rules transfer to further pretraining
regimes. In particular, future work should test whether the predicted dependence of optimal sparsity on context length and
active-equivalent scale continues to hold at production-scale model sizes, and whether the anchor-stride gains remain stable

when sparse stacks become substantially deeper.

also introduces opportunities for further optimization: consecutive sparse layers may process partially disjoint token subsets,
dense anchors provide natural synchronization points, and routing decisions can potentially be reused or pipelined across
depth. Developing efficient kernels, scheduling strategies, and parallelization schemes for sparse-depth routing is therefore

an important direction for making X-MoD practical at larger scales.

6 Related works

Sparse conditional computation.

Mixture-of-Experts (MoE) models decouple total parameter count from per-example computation by routing each token to a
subset of feed-forward experts, enabling substantial capacity growth under a nearly fixed active budget (Shazeer et al., 2017;

Lepikhin et al., 2021; Fedus et al., 2022; Dai et al., 2024). Mixture-of-Depths (MoD) applies a related idea along the depth




dimension: only selected tokens pass through certain Transformer layers, while unselected tokens bypass them (

conditional depth is often applied to image or vision tokens, whose redundancy makes token-level sparsification especially

attractive (Lin et al., 2024; Zhang et al., 2026; Wu et al., 2024; Luo et al., 2025; Zhang et al., 2025). Another line of work uses

token skipping or layetr pruning during fine-tuning or inference to reduce downstream compute while preserving task

computation rather than directly studying how to expand total sparse-depth capacity at fixed active-equivalent budget.

Scaling laws.

Scaling laws for language models show that model size, data, and compute interact predictably in dense Transformers (

Kaplan et al., 2020; Hoffmann et al., 2022). Subsequent work extends this perspective to other axes such as context length,

data mixtures, and sparsely activated architectures (Xiong et al., 2024; Team, 2024). In particular, recent MoE scaling-law

studies separate total parameters from active parameters and analyze how sparsity affects compute-optimal model design (

Clark et al., 2022: Du et al., 2022: Krajewski et al., 2024; Wang et al., 2024; Abnar et al., 2025; Ludziejewski et al., 2025;

7 Conclusion

We introduced X-MoD, a scalable sparse-depth architecture that extends Mixture-of-Depths beyond the original one-
spatse — one-dense regime. By decoupling token sparsity from anchor stride, X-MoD can increase total capacity while
keeping active-equivalent capacity controlled. We further formulated sparse-depth routing as a conditional architecture-
design problem and developed a practical scaling law over a FLOP-matched dense baseline. The resulting law decomposes
X-MoD behavior into spatrse-capacity reward, sparse-context cortrection, and anchor-stride interaction, providing
quantitative guidance for sparse-depth configuration. Empirically, X-MoD configurations improve over Dense and MoD,
remain competitive with representative MoE baselines, and are supported by held-out loss prediction and ablations. Overall,
our results suggest that sparse-depth routing is a viable and quantitatively analyzable axis for scaling conditional-

computation Transformers.
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Appendix A Scaling-law derivations

A.1 Anchor-stride sparse—equivalent share

We derive the normalized sparse-equivalent share used in the anchor-stride term. Consider the controlled A-sweep in which

the active-equivalent parameter budget is held fixed. Starting from the X-MoD stage

[Dense] N T ([S parse(K)] ,, 4 + [Dense]) o an

changing A while keeping the active-equivalent budget fixed is implemented by changing the number of stages. Let

N,

act

H=

Ny (18)

layer

denote the active-equivalent depth allocated to the non-prefix part of the model. Since each stage contributes A sparse

updates per token and one dense-anchor update, the number of stages under anchot stride A is

Ni(A) = 19

A+1°

The sparse part of the active-equivalent depth is

A
Cop(A) = AN, (A) = A_+1H’ (20)

and the dense-anchor part is

1

’/ﬂanc(A) = NI(A) = A+1

H. @1
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Their sum is H, which is independent of A. Thus, in this controlled sweep, changing A reallocates the non-prefix active path

between sparse refinements and dense anchors without changing the total active-equivalent budget.

The sparse-equivalent share is therefore

1es (A) A
A) = i = .
) = e D o  AFT @2
Normalizing by the A = 1 baseline gives
_s@) _ 24
w(A) = s(1)  A+1° @

This quantity is monotone and saturating in A, equals 1 at A = 1, and approaches 2 as A - co0. We use w(A) because it
captures the fraction of active-equivalent computation allocated to sparse refinements, rather than treating raw A as an

uninterpreted hyperparameter.

A.2 Candidate exposure correction and compute-to-token relation

Following prior scaling-law studies (Hoffmann et al., 2022: Abnar et al., 2025), we first evaluate the full candidate form

A~ e—uRy+ VPp + WP, — zR, k, u,v,w,z >0, (24)

with

Pp=D_P

dense

-

Dsparse /K P 1 25
Ddense ’

The candidate Pj, term tests whether this exposure difference contributes information beyond the capacity and context

terms.

Compute-to-token budget relation. We derive the relation between the matched compute budget C and the token budgets
Diparse and Dyenge using a simplified per-token FLOPs model. Let 1, denote the constant multiplying token-linear projection
and FFN terms, and let 1,, denote the constant multiplying attention matrix-multiplication terms. For an X-MoD model

with sequence length L, width d, sparsity K, and anchor stride A, the per-token FLOPs can be written as

8 (L Ko A) = A,d [Ny + Ny(1+A)] + Ade[NO N, (1 + %) ] 6

The first term counts token-linear projections and FFN computation. Since each of the AK sparse layers processes only a
1/ K fraction of tokens, these sparse layers contribute an average of A active layers per token. The second term counts
attention matrix multiplication. Dense prefix and anchor layers attend over the full sequence, while sparse layers attend over

routed subsets, yielding the N} A / K contribution.



For the matched dense baseline with the same active-equivalent depth Ny + N;(1 + A), the pet-token FLOPs are
BrenseLrA) = 1,d” [ No + Ni(1 + A) | + AuLd [Ny + N1 (1 + A) | @7

Thus, under a fixed training compute budget C,

C C
W’ Dyense(C, L, A) = W (28)

Dsparse(c’ LK, A) = ¢
X-MoD

dense

The effective exposure of sparse parameters is proportional to D, / K, since each sparse layer observes only a 1/ K

sparse

fraction of tokens. Therefore the exposure ratio used in the candidate correction can be motivated as

Dsparse /K _ 1 ¢dense(L’A)
Ddense K ¢X—M0D(L’ K’ A) ’

29

This analytic form is used only to motivate the candidate exposure correction. In all empirical fits, we compute Dgparse> Ddense

, and C from the actual logged token counts and FLOPs, which avoids relying on implementation-specific FLOPs

approximations.

A.3 Approximate optimum sparsity

We first fix A = 1 to isolate the capacity — context trade-off. The anchor-stride interaction then vanishes, giving

+ wL™ (K" —1). (30)

- N(EK,A)\ ™
Awe—uNa;ZN[l—( ( ))

act

In the large-K regime where N(K, A) / N, o K, constants can be absorbed into ¢y, ¢, > 0, giving

A CN CLKpL
5 NIk T G1)
Setting 0Ag / 0K = 0 yields
C C
NN o1 4 P g -1 g, (32)
N 0,
Nact
Therefore
KPN+PL = %i’ 53
CLpL Nagt
and
K* o L/ (en+ PL)Nact—UN /(on+pPL), 34

This expression is intended as an asymptotic design intuition; the representative configurations in the main comparison are

selected using the matched-budget pilot grid in Fig. 4.



Appendix B Experimental settings and protocols

B.1 Training and evaluation

Training recipe. All models use a warmup-then-cosine learning-rate schedule, with 1% warmup and a minimum learning rate
equal to 10% of the peak learning rate. Across sequence lengths, we keep the number of tokens per optimization step

approximately fixed:

global_batch_size x L ~ 2.5M. (35)

Model details. All models use GQA attention Ainslie et al. (2023). Dense, MoD, and X-MoD use standard feed-forward

layers, while MoE baselines replace the feed-forward module with routed experts and shared experts. The 556M and 1.65B
active-equivalent backbones follow the architectural configurations of Qwen3-0.6B and Qwen3-1.7B, respectively
Table 4 summarizes the backbone dimensions, including the 165M and 298M backbones used in the scaling-law sweeps; the
GPT-2 vocabulary contains 50,257 tokens. Table 6 reports the full main-comparison configurations, including physical layer

count, expert configuration, total parameters, FLOPs per token and execution mode.

routers combine an auxiliary load-balancing loss with auxiliary-loss-free expert-bias updates. We do not use a router z-loss.

Expert dispatch has no capacity limit and uses no capacity factor, so no tokens are dropped.

MoD layer hierarchy. For the MoD baseline, we follow the original one-sparse — one-dense recommendation with sparsity

ratio 1 : 8 Raposo et al. (2024). To match the 28-layer active-equivalent dense backbone, we use

[Dense] + ([Sparse(8)] + [Dense]) 24’ (36)

which gives 1 + 24 + 24 / 8 = 28 active-equivalent layers and 49 total layers.

X-MoD layer hierarchy. For X-MoD, we choose the layer hierarchy so that all compared variants share the same active-
equivalent backbone size N,. The X-MoD A4KS8 configuration uses one shorter sparse — dense stage followed by four A4K38

stages:

[Dense] , , + ([Sparse(8)] + [Dense]) + ([S parse(8)] + [Dense]) , (37)

X (3-8) x4

X (4-8)

this yields 4 + 5+ (3-8 + 4 -4 - 8) / 8 = 28 active-equivalent layers and 161 total layers. The X-MoD A3K16 configuration

uses

[Dense] , , + ([Sparse(16)] + [Dense]) , (38)

X (3-16) <6



which gives 4 + 6 + (6 -3 -16) / 16 = 28 active-equivalent layers and 298 total layers. These constructions instantiate the
same total-vs-active decoupling defined in the main text, while keeping the active-equivalent budget matched across Dense,

MoD, MoE, and X-MoD variants.

Table 4: Backbone model configurations. All models use GQA attention and standard feed-forward layers.

N, Dim Head dim Layers Heads KV heads FFN dim
165M 512 64 28 16 8 1536
298M 768 64 28 16 8 2304
556M 1024 128 28 16 8 3072
936M 1536 128 28 16 8 3840
1.65B 2048 128 28 16 8 6144

FLOPs accounting. All comparisons are aligned by logged training FLOPs. The FLOPs counter uses the actual model
configuration, including sequence length, width, attention type, FFN or MoE configuration, and sparse-layer routing
fraction. For X-MoD, sparse layers are counted according to their routed token fraction 1/ K. For MoE baselines, expert
computation is counted according to the number of activated experts per token. The same FLOPs accounting

implementation is used for Dense, MoD, X-MoD, and MoE runs.

Optimizer and learning-rate selection. We compare AdamW and Muon on dense baselines. For each optimizer, we sweep

eight geometrically spaced peak learning rates:

{2°,2",22,2%,2%,2%,2°,27} » 107, (39)

Muon with peak learning rate 3.2 X 107> gives the best dense validation loss and is used for the main runs. The Muon

hyperparameters are listed in Table 5.



Table 5: Muon optimizer configuration selected in preliminary dense-baseline sweeps and used in the main runs.

Hyperparameter Value
Peak learning rate 32x1073
Momentum coefficient § 0.95
Newton—Schulz steps 5
Nesterov momentum True
RMS match 0.2
AdamW betas (0.9,0.95)
AdamW epsilon 1078
Weight decay 0.1

Validation budget. Validation language-modeling loss is computed on approximately 0.2B held-out tokens. All models are
evaluated on the same held-out shards, making loss compatrisons paired across architectures. For main comparisons and key

ablations, larger held-out evaluations can be used to verify small loss gaps when necessary.

used as transfer sanity checks for pretraining quality, and no architecture-specific downstream hyperparameters are tuned.

Compute resources. Experiments were conducted on NVIDIA A100 80GB GPUs using PyTorch DDP, except for the 1.65B
MoE 8:128 and X-MoD A3K16 configurations, which use TP=8 as reported in Table 6. The largest experiments used up to 8
nodes with 8 GPUs per node. All model comparisons in the main text are aligned by logged training FLOPs rather than

wall-clock time, since different routing configurations have different per-step costs.

B.2 Main-comparison protocol

The main comparisons use total training-compute budgets of C = 10%°, 1.5 x 10% and 2.5 x 10*° FLOPs at N, = 556M,
936M and 1.65B, respectively. All models use L = 32768; within each scale, Dense, MoD, MoE. and X-MoD are compared at
matched total training compute. Detailed model and optimizer configurations are provided in Tables 6 and 5, respectively.
We evaluate the corresponding checkpoints on HellaSwag, ARC-Easy, ARC-Challenge, PIQA, LAMBADA and BoolQ using
the same zero-shot evaluation protocol. Validation losses, task scores and their unweighted mean are reported to four
significant figures, with scores expressed as percentages. In Table 6, Experts is formatted as active routed experts : total
routed experts + shared experts; d, is the expert FEN dimension. FLOPs per token are reported at L = 32768, and Exec.

denotes DDP or eight-way tensor parallelism (TP=8).



Table 6: Detailed model configurations used in the main comparison. N, denotes active-equivalent parameters, N denotes

total parameters and C denotes total training FLOPs.

N, C Model Layers Experts d, N FLOPs/tok. Exec.
Dense 28 — — 0.54B 8.4 x10° DDP

MoD 49 — - 0.87B 7.7x10° DDP

556M 102 MOoE 8:64 28 6:64+2 384 246B 84X 102 DDP
X-MoD A4K8 161 — — 2.64B  3.9x10° DDP

MOE 8:128 28 6:128+2 384 4.58B 8.4 x 10° DDP

X-MoD A3K16 298 — — 479B  3.9x10° DDP

Dense 28 — — 936M 9.0 x 10° DDP

MoD 49 — - 148B 83X 102 DDP

0 MOE 8:64 28 6:64+2 480 4.51B 9.0 x 10° DDP

93M L5 X 10T 3 VoD AdKS 161 — - 452B  4.6x10° DDP
MoE 8:128 28 6:128+2 480 8.48B 9.0 X 10° DDP

X-MoD A3K16 298 — — 824B 4.5x10° DDP

Dense 28 — — 1.65B 1.0 x 10" DDP

MoD 49 — — 267B  9.6X% 193 DDP

20 MOE 8:64 28 6:64+2 768 9.28B 1.0 x 10'° DDP

1658 2.5 X107 v VoD A4KS 161 — ~ 83IB  59x10° DDP
MoE 8:128 28 6:128+2 768 17.16B 1.0 x 10'° TP=8

X-MoD A3K16 298 — —14.73B 5.8 x 10° TP=8

B.3 Pilot configuration-selection protocol

The matched-budget pilot in Fig. 4 compares 24 X-MoD configurations spanning A € {0.5,1,2,3,4,5} and K € {4, 8,12, 16}
with 12 MoE configurations spanning K € {4, 8,16}, expert granularity G € {2,4, 8}, and either no shared experts or, for
G = 8, two shared experts. For MoE, K denotes the nominal ratio in the configuration name (e.g. 64 / 8 = 8); the active-
expert count includes shared experts. The representative MoE. and X-MoD settings are selected using this pilot sweep before

the larger-scale comparisons.

B.4 Scaling-law sweeps and out-of-range protocol

Figure 2 summarizes the sweeps used to motivate and fit the law. For the K- and L-sweeps, we vary sparsity across multiple
context lengths at fixed N, = 556M and A = 1, comparing losses at matched compute within each L. The in-range context
grid is L € {2k, 4k, 8k, 16k, 32k}. We additionally evaluate K = 3 at L = 2k to localize its shallow minimum more precisely;

this extra K value is not used for the other context lengths.

Before fitting, we designate L = 64k as an out-of-range extension beyond the largest context used to construct the law. At
64k, we evaluate K € {1, 16, 18, 20, 22,24}; K = 1 provides the dense reference, and all of these measurements are excluded
from fitting the multivariable law and are shown as squares with a dashed descriptive curve. Thus, out-of-range denotes

extrapolation beyond the predefined fitting domain, rather than a point removed post hoc from within that domain.



For the scale sweep, we vary N, at fixed L = 32k and A = 1, comparing each sparse configuration with its dense reference
at matched training FLOPs. The in-range active-equivalent parameter counts are {165M,298M, 556M,936M}. The
N,.t = 1.65B setting is a prespecified out-of-range extension, evaluated at K € {14, 16,18, 20} and excluded from fitting the
multivariable law. For the anchor-stride sweep, we vary A € {0.5,1,2,3,4,5} and K € {4,8,12,16} at fixed L = 32k,
N,.t = 165M. The stars in Fig. 2 mark the lowest measured loss on each evaluated grid; in particular, A = 5 is the best tested

anchor stride and does not assert a minimum beyond the evaluated range.

Each in-range experiment contributes one validation-loss observation at its target training-compute budget. The smooth

B.5 Fitting and out-of-sample validation protocol

We obtain 2dense(C:L’Nact) by interpolating dense validation curves at the same logged FLOPs for the corresponding

sequence length and backbone family.

We use grouped held-out splits rather than random point-level splits. Points within the same sweep are highly correlated, so
randomly holding out individual points would mostly test interpolation within an already observed sweep. In contrast,
grouped splits evaluate whether the law transfers across unseen context lengths, anchor strides or model scales. For leave-
one-context-out, we hold out all sparse runs with one sequence length L, refit the base law on the remaining context-length
groups, and evaluate it on the held-out L. For leave-one-scale-out, we analogously hold out all sparse runs at one active-

equivalent parameter count N, refit on the remaining scale groups, and evaluate on the excluded scale.

For leave-one-anchor-stride-out, we follow the same two-stage fitting procedure used for the all-data reduced law. We first
fit the base residual law on the A = 1 context-length and model-scale sweeps, and then calibrate the A-interaction using the
controlled anchor-stride sweep with one non-baseline A group removed. The A = 1 observations define the zero-interaction
baseline because Ry g = 0 at A = 1; they are therefore not treated as a held-out anchor-interaction group. At each stage, the
residual offset is unconstrained, the reward and correction coefficients are constrained to be non-negative, and these linear
coefficients are solved conditionally for each candidate set of nonlinear exponents. We optimize the nonlinear exponents by
differential evolution to minimize mean squared residual error and solve the conditional linear problem by constrained least

squares, using the same procedure for the all-data reduced-law fit and every grouped refit.

For the all-data reduced-law fit, we summarize descriptive goodness of fit using the unweighted coefficient of determination

2
on matched-dense residuals, R = 1 — Zi(Ai — Al) /Zi(Ai — A%, over the 109 in-range observations used for fitting. The

prespecified out-of-range observations are excluded from this statistic.

The out-of-range evaluation uses a single law fitted to all in-range observations and freezes its parameters before prediction

at L = 64k and N, = 1.65B. No sparse configuration from either out-of-range setting is used to fit the law. To report raw



validation loss, we add the predicted residual to the matched dense reference (ot to the shared dense level for the controlled
A-sweep):
L= Zyenses + Ay (40)

i dense, i i

Dense observations at a held-out or out-of-range setting are used only to define this matched-FLOPs reference and are not

used to fit the sparse-depth residual law.

We assess raw-loss calibration using root mean squared error and mean absolute error:

1 2
RMSE; =, /= <2i—ﬁi),
i=1

1« |
MAE, :7.21 )’Ci_/ci|-
i=

@1

For Fig. 3a, the metrics are computed separately over the in-range configurations and over the nine out-of-range
configurations pooled across L = 64k and N, = 1.65B. For each grouped held-out panel, they are pooled over all
predictions produced when each complete group is withheld in turn. In Fig. 3, the diagonal denotes exact prediction and the
shaded band matrks an absolute loss error of 0.02; it is a visual guide, not a confidence interval. Axes are scaled

independently across panels, with identical horizontal and vertical limits within each panel.

B.6 Ablation and controlled-scaling protocols

Mechanism controls. The Routed-FFN and Selected-Q/full-KV controls use the 936M reference backbone, L = 32768, the
same held-out validation shards, and the common C = 1.5 X 10?°-FLOP checkpoint. Between dense anchors, Routed-FFN
follows ([FullAttn] + [Routed-FFN]XK) " where FullAttn denotes full-sequence causal attention and only the FFN
refinements are routed. The model retains 28 full-sequence attention modules in total. The A4K8 and A3K16 variants
contain 152 and 288 routed FFN refinements, respectively; both have ¢ / ¢D = 1.00, with total parameter counts of 3.26B
and 5.68B. Selected-Q/full-KV retains the corresponding X-MoD router, selected queties, total depth and total parametets,
but uses all tokens as keys and values in each sparse layer. This diagnostic is not strictly active-equivalent matched because
every token activates the K/V projections. At fixed training compute, Selected-Q/full-KV processes 46.8% and 42.0% of the
training tokens processed by full X-MoD at A4K8 and A3K16, respectively, because of its higher per-token FLOPs. The
comparison tests the complete architecture under a fixed compute budget; it does not isolate the effect of full context at

equal token exposure. Table 7 summarizes the control configurations; Routed-FFN depth counts FEN layers.

Component removals. We use X-MoD A1K16 as the full-model reference and remove one component at a time. The
component-removal experiments in Table 3 use N, = 936M, L = 32768, and C = 1.5 X 10%° FLOPs. ALoss is measured
relative to the full X-MoD model. The same six downstream tasks are evaluated for the full model and each component

removal, with task-level results included in the same table.



Deep-model sweep. These models use the width configuration of the 165M backbone: d = 512, head dimension 64, 16 query
heads, 8 KV heads and FFN dimension 1536. Increasing the active-equivalent depth from 28 to 52 layers gives N, = 256M.
We evaluate Deep Dense and Deep X-MoD A1K4, A1K8, A1K12 and A1K16 at C = 4 X 10" FLOPs. All Deep X-MoD
variants use dense anchors, gated residual scaling and token-choice bias. Because K, total parameters, per-token FLOPs and
training-token exposure vary jointly, we treat this as matched-active-capacity and matched-compute total-depth scaling

rather than a single-factor depth ablation.

Table 7: Mechanism-control configurations at the 936M reference scale. D/ Dp = (¢ / ¢D)_1 denotes token exposure

relative to Dense.

a, Routed computation and attention context

Model Routed computation KV context
Dense None Full
MoD Attention + FFN Selected subset
Routed-FFN A4K8 FFN only Full every K refinements
Routed-FFN A3K16 FFN only Full every K refinements
Selected-Q/full-KV A4K8  Q/O + FFN Full sequence
Selected-Q/full-KV A3K16 Q/O + FFN Full sequence
X-MoD A4K8 Attention + FFN Selected subset
X-MoD A3K16 Attention + FFN Selected subset
b, Depth, capacity, compute and relative token exposure
Model Depth N ¢/¢, D/Dp
Dense 28 936M 1.00 1.00
MoD 49 148B 092 1.09
Routed-FFN A4K8 161 3.26B 1.00 1.00
Routed-FFN A3K16 298 5.68B 1.00 1.00

Selected-Q/full-KV A4K8 161 4.52B 1.09 0.92
Selected-Q/full-KV A3K16 298 8.24B 1.19 0.84
X-MoD A4K8 161 4.52B  0.51 1.96
X-MoD A3K16 298 8.24B  0.50 2.00

B.7 Routing diagnostic protocol

Top-k-to-threshold routing alignment. Following MoD, MoD and X-MoD are trained with non-causal top-k routing, but
evaluated with a deployable causal threshold rule. During evaluation, a token is routed through a sparse layer when its
routing probability is at least 0.5. To align the training-time top-k decisions with this threshold rule, we add a binary cross-

entropy auxiliary loss between the top-k selection target and the threshold prediction:

Lroute == %Z [qilogpi +(1- qi) IOg(l - p,)] ’ (42)

i

where g, € {0,1} denotes whether token i is selected by the top-k router and p; = o(s;) is the routing probability. This

auxiliary objective encourages the top-k decision boundary to align with the threshold 0.5, reducing the gap between



training-time routing and deployable causal evaluation.

We tune the auxiliary loss coefficient over

{1072,1073,107%,107°}. 3)

A coefficient that is too large over-emphasizes the routing objective and degrades language-modeling loss, while a coefficient
that is too small leaves a larger train — eval routing gap. We select 107 based on training and validation language-modeling

below.

We collect routing diagnostics at the 936M reference scale with L = 32768, a per-device evaluation batch size of one, and the
C = 1.5 X 10%°-FLOP checkpoints. Coverage, consecutive-layer overlap and sparse-update counts are computed from
threshold-driven forward passes over consecutive sparse-layer intervals bounded by dense layers. A1K16 and A3K16 use 16-
and 48-layer intervals, respectively; A4K8 statistics use only complete 32-layer intervals. Coverage is the fraction of tokens
selected at least once in an interval. Consecutive-layer overlap is the Jaccard index of adjacent selected-token sets, averaged
over pairs with a non-empty union within each sequence — interval observation, and then over observations with a defined
mean. Coverage is also averaged over sequence — interval observations; update-count distributions instead pool token —

interval observations.

For mask agreement, we make separate top-k-driven forward passes and compute both the top-k and threshold masks from
the same routing scores at each sparse layer. Agreement is obtained by pooling matching binary decisions over all included
token — layer positions, including both jointly selected and jointly skipped tokens; it does not compare two separately

propagated routing trajectories.

Reference selection schemes. Both analytical references use the nominal selection fraction p =1/ K and sparse-interval
length T. Repeated identical subsets have coverage p, consecutive-layer Jaccard 1, and update-count probabilities 1 — p at
zero and p at T. Independent random subsets have expected coverage 1 —(1— p)T, the large-sequence Jaccard
approximation p /(2 — p), and update counts distributed as Binomial(T, p). These are reference selection schemes, not

trained models, and use nominal rather than measured threshold selection fractions.

Distribution visualization. Each token contributes its number of selected sparse layers within an interval, and the
distributions pool these token — interval observations over the full support from zero to T. Curves are shape-preserving cubic
interpolants through the discrete probabilities, with auxiliary zero-valued endpoints at —0.5 and T + 0.5 for display. Integer

heights preserve the observed probabilities; non-integer positions and filled areas have no probability interpretation.



B.8 Systems measurement protocol

We measure end-to-end training throughput, peak training memory and validation-forward throughput at the 936M active-
equivalent scale on one node with eight NVIDIA A100 80GB GPUs using PyTorch DistributedDataParallel (DDP). All runs
use L = 32k, a per-GPU microbatch size of one and a global batch size of 80 sequences. Training throughput is averaged
over 2,000 optimization steps (approximately 5.24B training tokens), excluding evaluation and checkpoint-saving intervals.
Validation-forward throughput is averaged over four complete evaluations of the 0.2B-token validation set and includes
routing, token movement, full-vocabulary projection and loss computation. Accordingly, this measurement is a validation-

forward benchmark rather than a KV-cache prefill or autoregressive decoding benchmark.

Appendix C Supplementary results

C.1 Scaling-law fits and exposure comparison

residual variance (Ri = 0.9853). This unweighted, in-sample statistic excludes the prespecified L = 64k and N, = 1.65B
out-of-range observations, as does the fit. The coefficients u and w absorb the parameter-count and token-count units of

N, and L, respectively.

estimates.

—o
A(C,L,N,,K,A) ~e— uNaC’ZN[1 - (N(K’A) ) ]
act
- 24 \P4
+w L™ (Kt — 1) — z(KPk — 1) <A—+1> —1].
Law component Parameter Estimate
Residual offset e 0.01848
u 0.93519
Sparse-capacity reward UN; 0.07784
PN 1.19538
w 105.21108
Sparse-context cortection Uls 0.92624
er 0.48494
z 0.07455
Anchor-stride interaction Px 0.79900

P, 0.28293




Comparison with the reduced law. We first use the A = 1 sweeps to study the capacity — context trade-off without anchot-
stride interactions, and then use the controlled A-sweep to characterize these interactions. Under this common protocol, we
compare the full candidate law with its nested reduced form (v = 0). The reduced law achieves a lower combined in-range
fitting RMSE (0.008758 versus 0.01349), supporting omission of P, from the practical law. Substituting the retained terms

fit: each retained feature is tied to a sparse-depth mechanism and anchored to the corresponding dense reference point.

C.2 Pilot configuration comparison

Within the K = 8 and K = 16 groups, MoE 8:64 and 8:128 achieve the lowest loss among the tested MoE variants. X-MoD
A4KS8 and A3K16 achieve the lowest loss among the tested X-MoD configurations at the corresponding K without exceeding

the respective MoE total-parameter budget.
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Figure 4: Pilot comparison of X-MoD and MoE configurations. Validation loss versus total parameters at N, = 165M,
L = 32k and C = 3 x 10" FLOPs. Circles denote X-MoD and diamonds denote MoE; colour indicates K, and marker area
increases with total parameters. Green dashed lines mark the selected MoE parameter budgets; black outlines identify the

selected MoE — X-MoD pairs. The plot labels 8064s2 and 80128s2 correspond to MoE, 8:64 and 8:128.

C.3 Total-depth scaling

Table 9 reports the results. All evaluated Deep X-MoD configurations improve on the Deep Dense reference, with validation

loss decreasing monotonically across the tested configurations.



Table 9: Total-depth scaling of X-MoD. All variants use the width of the 165M backbone, with matched active-equivalent

capacity and training compute C = 4 x 10%°.

Variant Total N N/N,, Totallayers ¢/¢, Valloss |
Deep Dense 256M 1.00 52 1.00 3.084
Deep X-MoD A1K4 552M 2.16 124 0.67 3.047
Deep X-MoD A1KS 939M 3.67 220 0.62 3.034
Deep X-MoD A1K12 1.29B 5.04 316 0.60 3.023
Deep X-MoD A1K16 1.67B 6.52 412 0.59 3.011

C.4 Routing diagnostics

Table 10: Routing coverage, consecutive-layer overlap and mask agreement. All entries are percentages at the 936M

reference scale; a dash denotes an unmeasured value.

Repeated identical Independent random Threshold Threshold /

subset subsets routing top-k
Model Coverage Jaccard Coverage Jaccard Coverage Jaccard Agreement
X-MoD A1K16 6.250 100.0 64.39 3.226 52.24 14.51 98.63
A1K16 w/o
6.250 100.0 64.39 3.226 58.59 80.66 -

token-choice bias

X-MoD A4K8 12.50 100.0 98.61 6.667 99.99 1.947 96.62
X-MoD A3K16 6.250 100.0 95.49 3.226 97.50 2.940 98.25
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Figure 5: Token-wise sparse-update distributions under threshold routing. (a) A1K16 with and without token-choice bias
(16-layer intervals). (b) A4K8 (complete 32-layer intervals). (c) A3K16 (48-layer intervals). Grey dashed and green dot-dashed

curves show repeated-subset and independent-subset references. Curves interpolate discrete probabilities; integer heights, not

Table 11: Measured systems efficiency at the 936M active-equivalent scale. Speedups are relative to the adjacent,

approximately total-parameter-matched MoE baseline.

a, Model scale, counted compute and peak training memory

Model Layers N FLOPs/token |  Peak memory (GB/GPU) |
Dense 28 936M 9.0G 32.08
MoD 49 1.48B 8.3G 46.62
MoE 8:64 28 4.51B 9.0G 55.46
X-MoD A4KS8 161 4.52B 4.6G 55.72
MoE 8:128 28 8.48B 9.0G 71.96
X-MoD A3K16 298 8.24B 4.5G 73.33
b, Measured throughput and pairwise speedup
Model Train throughput Val.-forward throughput Train speedup Val.-forward speedup
(M tok/s) 1 (M tok/s) 1 vs. MoE 1 vs. MoE 1
Dense 0.041 0.226
MoD 0.046 0.234
MoE 8:64 0.027 0.176 1.00 x 1.00 x
X-MoD A4K8 0.052 0.305 1.93 x 1.73 x
MoE 8:128 0.023 0.153 1.00 x 1.00 x

X-MoD A3K16 0.039 0.217 1.70 x 1.42 x




