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Abstract

Semantic identifiers (SIDs) represent entities as hierarchical
token sequences for generative retrieval and recommendation.
Residual-quantization tokenizers construct these sequences
by selecting a codeword at each level and passing a resid-
ual to the next. We view this process as progressive com-
monality removal: each token captures a component shared
within its group, while later tokens should model the re-
maining differences. This view reveals three limitations: a
corpus-wide shared component can consume first-level ca-
pacity, hard assignment ignores graded similarities to nearby
codewords, and full-codeword subtraction can leave variation
along the selected-codeword direction in the next residual. We
therefore develop our solution in the post-hoc setting, where
residual construction is not constrained by input reconstruc-
tion. Specifically, we propose PRQ-KMeans, which removes
the global-mean component, refines centroids with Top-k
similarity-weighted updates, and replaces full-codeword sub-
traction with a projection residual that removes each repre-
sentation’s selected-centroid component. Experiments on a
large-scale industrial search dataset and four public recom-
mendation benchmarks show that PRQ-KMeans achieves the
strongest overall performance among the evaluated tokeniz-
ers, including gains of up to 7.4% in HitRate and 11.8% in
MRR on the industrial dataset.

1 Introduction

Semantic identifiers (SIDs) replace atomic entity identifiers
with short token sequences for generative retrieval (Tay et al.
2022; Wang et al. 2022; Sun et al. 2023) and recommendation
(Rajput et al. 2023; Singh et al. 2024). Hierarchical SIDs
organize these tokens from coarse to fine: related entities
can share early tokens, while later tokens distinguish entities
that remain under the same prefix. Constructing such an
identifier involves two coupled decisions at each level: which
token represents the entity at the current position, and what
representation is passed forward to construct the next token.

Residual quantization provides a common framework for
making these decisions. At each level, it selects a codeword
for the current token, subtracts that codeword from the cur-
rent representation, and passes the resulting residual to the
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Figure 1: Full-centroid subtraction and projection residu-
als. Full-centroid subtraction may leave positive or nega-
tive residual carryover along the selected-centroid direction,
whereas projection removes this component and yields a
residual orthogonal to that centroid.

next level. Two major tokenizer paradigms use this recur-
sion. VAE-based methods (Lee et al. 2022; Rajput et al.
2023; Wan et al. 2026) learn hierarchical SIDs through a
residual-quantization autoencoder. Post-hoc methods (e.g.,
RQ-KMeans and RQ-GMM) (Luo et al. 2025; Deng et al.
2025; Tong et al. 2026) instead fit hierarchical codebooks di-
rectly over existing embeddings. In both paradigms, the resid-
ual becomes the representation processed at the next level.
We refer to the component that remains along the selected-
codeword direction after subtraction as residual carryover.

Since each later token uses the preceding residual, residual
construction determines what information passes across lev-
els. We therefore view residual quantization as progressive
commonality removal: the selected codeword represents a
component shared within the current group, while the resid-
ual should retain the differences that remain for later tokens.
This view reveals three challenges. First, commonality can
exist before any cluster-level token is formed. A component
shared across the embedding collection may dominate the
initial representations. Because it is broadly shared, this com-
ponent contributes little to distinguishing entities, yet the first
codebook may spend part of its capacity modeling this global
background rather than coarse differences among entities.
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Second, hard assignment limits how accurately a codeword
can summarize its group. Each representation updates only
its selected codeword, even when it is also similar to nearby
candidates, discarding graded similarity around assignment
boundaries. Third, full-codeword subtraction does not gen-
erally remove the selected-codeword component accurately
from every representation. As Figure 1 illustrates, represen-
tations assigned to the same codeword may contain different
amounts of this component, although the same codeword
is subtracted from all of them. This mismatch can leave a
positive or negative component along the selected direction,
causing the next codebook to revisit variation already repre-
sented by the current token. Our preliminary study finds this
component measurable in industrial RQ-KMeans residuals
and shows that retaining more of it monotonically reduces
next-level SID-prefix utilization (Section 3).

VAE-based tokenizers can reshape their latent represen-
tations and codebooks through reconstruction and auxiliary
SID objectives (Wang et al. 2024; Zhu et al. 2024; Wan
et al. 2026). Their residuals, however, are constrained by
additive reconstruction: everything left after subtracting the
current codeword is passed to later codewords, even a com-
ponent along the same direction. Discarding that component
independently would alter the codeword sum used for re-
construction. Post-hoc tokenizers instead operate on existing
embeddings without requiring the codewords to reconstruct
the input, allowing the residual to preserve only the differ-
ences needed by later SID levels. We develop our solution in
this post-hoc setting using RQ-KMeans.

To address these challenges, we propose PRQ-KMeans,
a post-hoc hierarchical SID tokenizer built around projec-
tion residuals. To keep the corpus-wide component from
consuming first-level capacity, PRQ-KMeans removes each
input representation’s projection onto the global mean be-
fore fitting the first codebook. To better estimate the compo-
nent shared within each cluster, Top-k soft refinement lets
every representation contribute to several nearby centroids
in proportion to their cosine similarities, rather than updat-
ing only its most similar centroid. To prevent the selected-
centroid component from being passed to the next level,
PRQ-KMeans removes each representation’s own projection
onto its selected centroid after hard assignment, rather than
subtracting the full centroid vector. The resulting residual is
orthogonal to that centroid and is passed forward to fit the
next codebook. Together, these operations implement pro-
gressive commonality removal from global to local.

Our main contributions are threefold. (1) We introduce
the view of hierarchical SID construction as progressive
commonality removal and identify three challenges in de-
termining what is passed between successive token levels.
(2) We propose PRQ-KMeans, which combines global com-
ponent removal and Top-k soft centroid refinement with a
projection residual that removes this component separately
for each representation. (3) We demonstrate the effectiveness
of PRQ-KMeans through extensive evaluation on industrial
search and four public recommendation benchmarks.

2 Related Work

2.1 Semantic IDs in Generative Retrieval and
Recommendation

Semantic IDs represent entities as short sequences of discrete
tokens. For generative retrieval, DSI (Tay et al. 2022) estab-
lishes the paradigm of directly generating document identi-
fiers, and NCI (Wang et al. 2022) extends this paradigm with
hierarchical semantic identifiers. GenRet (Sun et al. 2023),
GLEN (Lee, Choi, and Lee 2023), and MERGE (Zhang et al.
2025a) incorporate semantic, lexical, or relevance signals
into identifier construction. OneSearch (Chen et al. 2025) ap-
plies hierarchical SIDs to large-scale generative e-commerce
search. For generative recommendation and ranking, TIGER
(Rajput et al. 2023), Semantic IDs for Ranking (Singh et al.
2024), and OneRec (Deng et al. 2025) use hierarchical SIDs
to organize the output space. LETTER (Wang et al. 2024),
CoST (Zhu et al. 2024), ETEGRec (Liu et al. 2024), DI-
GER (Fu et al. 2026), and UniSID (Jiang et al. 2026) further
incorporate collaborative, contrastive, differentiable, or end-
to-end supervision into SID learning. For embedding-derived
SIDs, the tokenizer determines how continuous entity repre-
sentations are mapped to discrete token sequences.

2.2 Quantization Methods for Hierarchical SIDs

Residual quantization constructs a hierarchical SID by suc-
cessively quantizing the residual passed from one level to
the next. RQ-VAE (Lee et al. 2022; Rajput et al. 2023) and
R3-VAE (Wan et al. 2026) use autoencoders and recursive
residual quantization to learn hierarchical SIDs. Post-hoc
methods fit the hierarchy over existing embeddings: QARM
(Luo et al. 2025) and OneRec (Deng et al. 2025) use RQ-
KMeans, while RQ-GMM (Tong et al. 2026) uses probabilis-
tic mixture components. Beyond residual quantization, par-
allel methods generate multiple codes from separate vector
subspaces or token branches, including PQ (Jegou, Douze,
and Schmid 2011), OPQ (Ge et al. 2013), LLaDA-Rec (Shi
et al. 2025), and ACERec (Xia et al. 2026a). Moreover, hy-
brid tokenizers, including OneSearch (Chen et al. 2025),
QARM V2 (Xia et al. 2026b), and Quantizing Intent (Choi
et al. 2026), combine residual and non-residual quantizers to
capture hierarchical commonality and finer distinctions. Re-
cently, methods such as DOS (Yin et al. 2026), ReSID (Liang
etal.2026), and HHQ (Wang et al. 2026) reshape the quanti-
zation space through orthogonal or hyperspherical structures.
However, these methods leave the cross-level residual unex-
plored. Under full-centroid subtraction, the residual can still
carry a selected-centroid component into the next codebook,
making later levels revisit variation represented earlier. PRQ-
KMeans addresses this gap by modeling this carryover and
removing it through per-representation projection.

3 Preliminaries and Motivation
3.1 RQ-KMeans for Hierarchical SIDs

In RQ-KMeans, each codeword is a K-Means centroid. Let
X = {x;}}¥; C R be the embeddings used to fit the to-
kenizer. A depth-L RQ-KMeans tokenizer learns one code-

book C() = {Cy) }jK:él at each level and maps entity ¢ to the



SID (zi(l), ce zl-(L)). Starting from rgl) = x;, Euclidean K-
Means alternates between nearest-centroid assignment and
centroid update:
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where Ij(é) ={i: zy) = j}. After fitting, zi(e) becomes the
token at level ¢/, and RQ-KMeans constructs the next-level
representation by subtracting the selected centroid:

rEHl) = rl@) — Ci@«)' 2)
Some implementations additionally apply the in-place up-
EHD - norm(ri”l)
lowing previous work (Chen et al. 2025, 2026), the in-
dustrial analysis below uses this normalized variant. Here,
norm(v) = v/|vl||, for nonzero v. In reconstruction-
oriented quantization, the residual is the approximation error
left after selecting a centroid; in hierarchical SID tokeniza-
tion, it also determines the representation available to the
next level. Under progressive commonality removal, the se-
lected centroid summarizes information shared within its
cluster, while the residual should preserve the remaining dif-
ferences. We next examine whether full-centroid subtraction
achieves this goal for each representation.

date r ) before the next level. Fol-

3.2 Residual Carryover after Centroid
Subtraction

A centroid is shared by all representations assigned to its
cluster, although these representations may contain differ-
ent amounts of its directional component. Consider one
representation—centroid pair and abbreviate it as r and ¢ # 0.
Write ¢ = p¢, where ¢ = ¢/ ||c|, and p = ||c||,. Let
a=r'é¢andu=r — a¢, so that u L & Then

r=ac+u,

3

r—c=(a—p)é+u.

Full-centroid subtraction applies the shared coefficient p,
whereas representation r contains the instance-specific coef-
ficient . When v # p, the residual retains (a— p)¢ along the
selected centroid direction; we call this component residual
carryover. Figure 1 illustrates the positive- and negative-
carryover cases. An arithmetic-mean centroid matches the
average coefficient within its assigned cluster, but not nec-
essarily the coefficient of every representation. Appendix A
provides the corresponding identity and derivation.

3.3 Empirical Motivation

We first measure residual carryover using a three-level RQ-
KMeans tokenizer fitted to representations from the indus-
trial dataset, with codebook sizes 1024, 512, and 128. Sec-
tion 5.1 and Appendix C provide the setup. For representation
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Figure 2: Empirical motivation on the industrial dataset. (a)
Mean residual carryover ratio at each RQ-KMeans level.
The dashed line marks the expected absolute cosine between
two independent isotropic directions in 128 dimensions. (b)
L2 prefix utilization after retaining a fraction 7 of the L1
carryover. L1 assignments stay fixed; L2 is refit for every 7.
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Figure 2(a) reports mean ratios of 9.89%;, 10.17%, and 7.44%
at L1, L2, and L3, respectively. For scale, two independent
isotropic directions in 128 dimensions have an expected abso-
lute cosine of 7.07%; Appendix D.1 provides the derivation.
The L1 and L2 means, corresponding to residuals passed
to subsequent codebooks, exceed this reference by 2.82 and
3.10 percentage points, respectively, whereas the terminal L3
value is close to it.

We next test how this component affects the immediately
following SID level. Keeping the L1 assignments fixed, we
retain a fraction n € [0, 1] of the L1 carryover:

r§2)(n) = norm(n (al(-l) — pgl)) 651) + ugl)) S
Here, égl) is the direction of the selected L1 centroid. The
endpoints 7 = 1 and 1 = 0 retain the full RQ-KMeans car-
ryover and remove it completely, respectively. For each 7, we
refit L2 with the same Euclidean K-Means configuration and
measure the fraction of the K Ky possible two-token item
prefixes assigned to at least one item. Appendix D.1 pro-
vides the equivalent operational update and implementation
details.

Figure 2(b) shows that L2 prefix utilization increases
monotonically from 47.88% at p = 1 to 48.46% at n = 0.
Under this controlled protocol, reducing selected-centroid
carryover allows the immediately following level to use a
broader set of prefixes. This observation motivates construct-
ing the next-level representation by removing the selected-
centroid component through projection.

4 Methodology
4.1 Overview

Figure 3 gives an overview of PRQ-KMeans. It first removes
the global component from the input embeddings. It then
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Figure 3: Overview of PRQ-KMeans. PRQ-KMeans initializes the first-level residual by removing the global-mean component.
At level ¢, Top-k soft centroid refinement fits the codebook from the current residuals. Hard cosine assignment then selects a
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centroid and emits token z

projection removes the selected-centroid component before the residual proceeds to level ¢ + 1.

SID encoding repeats the same hard-assignment and projection recursion using the learned codebooks.

learns the codebooks sequentially: at each level, Top-k soft
weights refine the current centroids, hard cosine assignment
emits a token, and the projection residual becomes the input
used to fit the next codebook. Once the hierarchy is trained,
SID encoding repeats the hard assignment and residual up-
date using the learned global mean and codebooks during
inference. Projection defines the cross-level update, while
global removal and soft refinement prepare its input rep-
resentations and centroids. Appendix B gives the complete
algorithm.

4.2 Projection Residual Construction

PRQ-KMeans removes the selected-centroid component by
requiring the next residual v to be orthogonal to the selected
centroid c. Orthogonality alone, however, does not determine
a useful residual; even the zero vector satisfies this constraint.
‘We therefore choose the orthogonal residual that changes the
current representation r as little as possible:

v =argmin ||v — r||§ st. vie=0. (6)
v

Solving this problem gives
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This solution directly removes the carryover identified in
Eq. (3). Recall that ¢ = p¢, a = r' ¢, andr = a¢ + u. The
component subtracted in Eq. (7) is

I‘TC

2
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Consequently, v = r — a¢ = u. Unlike the RQ-KMeans

residual (oo — p)€ + u, the projection residual contains no

remaining component along the selected centroid.
Proposition 1 formalizes these guarantees.

c = ac.

Proposition 1 (Minimum-change orthogonal residual)
For any v € R? and nonzero c, the projection residual
v* in Eq. (7) is the unique solution to Eq. (6). It satisfies
c¢'v* = 0 and has the smallest Euclidean distance to t
among all vectors orthogonal to c.

Centroid magnitude does not affect the component re-
moved by Eq. (7). PRQ-KMeans therefore compares rep-
resentations and centroids using cosine similarity, which is
likewise unaffected by centroid magnitude. The same cosine
scores are used for Top-k soft refinement and hard assign-
ment. The complete proofs are provided in Appendix A.

4.3 Global Component Removal

A component shared across the entire embedding collection
can dominate the first partition. Standard K-Means uses the
mean of each cluster as its centroid, summarizing information
shared by the representations in that cluster. PRQ-KMeans
applies the same idea before the first SID level: it uses the
mean of all input representations to summarize information
shared across the collection. We write X; = norm(x;) for
the L2-normalized input embedding. Their global mean is

1 N
u=ﬁi§xi. 8)

Before emitting any token, PRQ-KMeans removes the com-
ponent along this mean and obtains the first-level represen-
tation:

=T

r.’ =norm| X; — 3
(s

?
The global mean is learned once during tokenizer fitting and
reused during encoding. Equation (9) produces the represen-
tations used to fit the first codebook; subsequent levels apply
the same residual construction to the selected centroid.




4.4 Top-k Soft Centroid Refinement
Because the residual update depends on the selected centroid,
reliable centroid estimation matters. Hard K-Means uses each
representation to update only its assigned centroid, ignoring
its similarity to nearby centroids around a cluster boundary.
During each fitting iteration, PRQ-KMeans computes the
cosine scores and selects the Top-k candidate centroids:
s(li) = cos (I‘Eé), C§€)) ,

ij

(0) ) (10)
Ni(r;”) = TOije{l ..... Ko} Sij
Within this candidate set, the soft weight is
, oot
wl)) = (1n

Srenia e (Fst))

forj € Ny (rl@), and zero otherwise, where 3 > 0 is the soft-
max concentration (inverse-temperature) parameter; larger (3
produces sharper weights.
Each centroid is updated using the representations for
which it is a candidate:
) ..(0)
¥ 2y i . (12)
0
> Wi;
Restricting the weights to the k nearest centroids keeps
each update local while allowing a boundary representation
to contribute to nearby candidates. The score, weight, and
centroid-update steps are repeated for a fixed number of fit-
ting iterations. Soft weights are used only while refining the
current codebook. After refinement, hard assignment emits
the token and constructs the residual passed to the next level.

4.5 Sequential Codebook Fitting and SID
Encoding

In the recursion, Eq. (7) is applied with r = rge) and ¢ =

C(Q). After fitting C¥), PRQ-KMeans assigns each fitting

Zi

representation to one centroid using hard cosine assignment:
20 = arg max cos (r(z) c(z)) . (13)
J

% T g
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The selected index z;~ gives the current token. Writing the

selected centroid as cz(-e) = C(Q), PRQ-KMeans removes its
z:

component and normalizes the result in one update:

241 ¢ V7" ¢
r§+):norm rl(.)fil - cg) . (14)
¢
2

For a nonzero projection residual, the normalization in

Eq. (14) is well defined; vector rz(-“l) is used to fit C(“+D),
Repeating this process learns the hierarchy level by level.

Once fitting is complete, SID encoding reuses the learned
global mean and codebooks, repeating the same hard assign-
ment, token emission, projection, and normalization steps
without further updates.

5 Experiments
5.1 Experimental Setup

Datasets. We primarily evaluate PRQ-KMeans on a pub-
licly released industrial e-commerce search dataset from
prior work (Li et al. 2026). It contains approximately 7.8
million items and 9.0 million training-query records for tok-
enizer fitting. Following OneSearch (Chen et al. 2025), these
data form three training stages of approximately 36 million,
54 million, and 46 million examples, with separate Order
and Click test sets from logged purchases and clicks. We
also evaluate on the Amazon Sports, Toys, and Clothing
benchmarks (He and McAuley 2016) and LastFM (Canta-
dor, Brusilovsky, and Kuflik 2011), following prior work
(Rajput et al. 2023; Wan et al. 2026). Appendix C provides
the dataset details.

Baselines. We compare PRQ-KMeans with learned resid-
ual tokenizers RQ-VAE (Lee et al. 2022) and R3-VAE (Wan
et al. 2026), post-hoc tokenizers RQ-KMeans (Luo et al.
2025) and RQ-GMM (Tong et al. 2026), and parallel quan-
tizers PQ-KMeans (Jegou, Douze, and Schmid 2011) and
OPQ-KMeans (Ge et al. 2013). For the five-level industrial
setting, we also evaluate hybrid tokenizers that combine a
hierarchical residual prefix with suffix tokens (Chen et al.
2025; Xia et al. 2026b). RQ-OPQ (Chen et al. 2025) uses
two RQ-KMeans levels, a balanced K-Means third level, and
two OPQ suffix tokens. ResKmeansFSQ (Xia et al. 2026b)
uses three RQ-KMeans levels followed by two FSQ suffix
tokens. PRQ-OPQ replaces the first two RQ-KMeans levels
of RQ-OPQ with PRQ-KMeans, while retaining its balanced
third-level K-Means and two OPQ suffix tokens. This con-
struction evaluates the compatibility of PRQ-KMeans with
the balanced third level and OPQ suffix used in RQ-OPQ.
Appendix C provides the reproduction and alignment details.

Implementation and Evaluation. For the industrial
dataset, we follow OneSearch (Chen et al. 2025), using its
128-dimensional distilled-BGE query and item representa-
tions and BART-Base retriever (Lewis et al. 2020). All tok-
enizers share the three-stage training, decoding, and evalu-
ation pipeline. The three-level setting uses a 1024-512-128
codebook; the five-level setting uses the same three-level
prefix followed by two 64-way suffix tokens. For the pub-
lic benchmarks, we use 768-dimensional Sentence-T5-Base
item embeddings (Ni et al. 2021), a 256-256-256 codebook,
and the TIGER pipeline (Rajput et al. 2023; Wan et al. 2026).
PRQ-KMeans uses £k = 2 on the public benchmarks and
k = 5 on the industrial dataset due to their different codebook
sizes, with § = 15 in both settings. Following OneSearch,
industrial evaluation reports HitRate @50 and MRR @50 for
Order and Click, together with the independent-code ratio
(ICR), prefix utilization, and used-prefix Gini for codebook
quality. Public evaluation reports item-level Recall@20 and
NDCG@20; Appendix C provides evaluation details. The
code will be released upon acceptance.

5.2 Overall Performance

Industrial benchmark. We compare three-level codebook
quality (Table 1). Among all evaluated methods, PRQ-



Downstream Evaluation Codebook Quality
Method Order Click Full SID Utilization (%) Gini
HitRate MRR HitRate MRR ICR (%) L1 L2 L3 L1 L2 L3
Codebook: 1024-512-128
RQ-VAE 0.2474 0.0501 0.2921 0.0446 54.24 100.00 47.55 3.22 0.407 0.795 0.601
R3-VAE 0.2289 0.0449 0.2788 0.0402 54.96 99.41 51.04 3.34 0.427 0.783 0.592
RQ-KMeans 0.2913 0.0644 0.3279 0.0540 55.52 100.00 47.88 3.61 0413 0.774 0.569
RQ-GMM 0.2687 0.0594 0.3071 0.0483 50.66 99.90 38.57 3.06 0412 0.783 0.598
PQ-KMeans 0.0400 0.0061 0.0521 0.0054 50.45 100.00 22.52 0.67 0.351 0.934 0.891
OPQ-KMeans 0.1242 0.0225 0.1393 0.0164 47.35 100.00 21.85 1.15 0.276 0.916 0.804
PRQ-KMeans 0.3128 0.0720 0.3488 0.0588 58.45 100.00 57.78 3.99 0.298 0.758 0.546
Codebook: 1024-512—128-64-64

ResKmeansFSQ 0.4038 0.1194 0.4364 0.0969 89.19 100.00 47.88 3.61 0.413 0.774 0.569
RQ-OPQ 0.4276 0.1340 0.4650 0.1083 98.99 100.00 47.88 8.00 0.413 0.774 0.266
PRQ-OPQ 0.4359 0.1364 0.4713 0.1089 98.74 100.00 57.78 8.42 0.298 0.758 0.241

Table 1: Codebook quality and downstream generative retrieval performance on the industrial dataset. ICR denotes the
independent-code ratio, the percentage of occupied full SIDs assigned to exactly one item. For each codebook block, best

and second-best values are bold and underlined, respectively; lower Gini is better.

Sports Toys Clothing LastFM
Method Recall NDCG Recall NDCG Recall NDCG Recall NDCG
RQ-VAE 0.0522 0.0219 0.0751 0.0321 0.0357 0.0141 0.0082 0.0033
R3-VAE 0.0514 0.0211 0.0812 0.0354 0.0361 0.0147 0.0074 0.0029
RQ-KMeans  0.0528 0.0215 0.0824 0.0346 0.0330 0.0132 0.0115 0.0042
RQ-GMM 0.0506 0.0209 0.0711 0.0287 0.0341 0.0133 0.0082 0.0024
PQ-KMeans  0.0087 0.0033 0.0177 0.0080 0.0082 0.0034 0.0016 0.0007
OPQ-KMeans 0.0379 0.0151 0.0403 0.0171 0.0233 0.0087 0.0033 0.0014
PRQ-KMeans 0.0531 0.0219 0.0851 0.0361 0.0382 0.0151 0.0179 0.0076

Table 2: Performance evaluation on the public benchmarks.

KMeans obtains the highest ICR and L2-L3 prefix utiliza-
tion together with the lowest L2-L.3 Gini. Relative to RQ-
KMeans, ICR increases from 55.52% to 58.45%, 1L.2-1.3
utilization rises from 47.88%/3.61% to 57.78%/3.99%, and
L2-L3 Gini decreases from 0.774/0.569 to 0.758/0.546.

PRQ-KMeans also improves downstream generative re-
trieval. RQ-KMeans is the strongest three-level baseline on
all four metrics. Relative to RQ-KMeans, PRQ-KMeans im-
proves Order HitRate and MRR by 7.4% and 11.8%, respec-
tively, and Click HitRate and MRR by 6.4% and 8.9%. In
the five-level hybrid setting, PRQ-OPQ achieves the best Or-
der and Click results on all four downstream metrics among
the three aligned tokenizers and improves over RQ-OPQ by
0.6%—1.9%. This result supports the compatibility of the
PRQ-KMeans prefix with an OPQ suffix under the same
industrial tokenizer interface.

Public benchmarks. Across four benchmarks, PRQ-
KMeans obtains the best or tied-best value on all eight met-
rics and exceeds RQ-KMeans in every comparison (Table 2).
The gains are modest on Sports and Toys, larger on Clothing,

Variant Order Click
HitRate MRR HitRate MRR
PRQ-KMeans 0.3128 0.0720 0.3488 0.0588
— Global 0.3017 0.0697 0.3379 0.0560
— Soft 0.3067 0.0705 0.3460 0.0584
— Projection  0.2985 0.0687 0.3328 0.0548

Table 3: Ablation study on the industrial dataset.

and most pronounced on LastFM, where Recall increases
from 0.0115 to 0.0179 and NDCG from 0.0042 to 0.0076
relative to RQ-KMeans. These results extend the evidence
beyond the industrial setting to multiple public domains.

5.3 Ablation Study

Tables 3 and A1 (in Appendix) report the industrial and pub-
lic ablations, respectively. We compare the complete model
with three variants: — Global omits global component re-
moval; — Soft replaces Top-k soft refinement with hard cen-
troid updates; and — Projection retains Global and Top-k
refinement but replaces cosine fitting and assignment with
Euclidean counterparts and projection residualization with
full-centroid subtraction. The complete PRQ-KMeans model
achieves the best result on every industrial metric and the
best or tied-best result on all eight public metrics, tying —
Global on Clothing NDCG. On the industrial dataset, re-
moving Projection produces the largest decrease on all four
metrics, while removing Global or Soft also yields consis-
tent drops. On the public benchmarks, removing Projection
produces the largest decrease on all six Amazon metrics,
while LastFM is most sensitive to Soft. Removing Global
lowers seven of eight metrics and ties the complete model on
Clothing NDCG.
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Figure 4: Hyperparameter sensitivity on the industrial
dataset.
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Figure 5: Embedding robustness on the industrial dataset.
The aligned BGE representations used in the main experi-
ment are replaced with aligned Qwen3 representations, while
the codebook sizes and downstream protocol remain un-
changed. KM denotes K-Means.

5.4 Sensitivity and Robustness

Hyperparameter sensitivity. We study sensitivity to k,
the number of nearby centroids receiving weighted updates,
and 3, which controls weight concentration. Figure 4 shows
that k = 2 and k = 5 perform better than £k = 1 and k& = 10.
This suggests a trade-off: a small neighborhood limits shar-
ing near cluster boundaries, while larger neighborhoods may
weaken locality by updating less similar centroids. For (3,
B = 10 performs worse, while results remain comparable
across S = 15-25. This suggests that diffuse weights may
obscure similarity differences among the centroids, whereas
sharper weights better prioritize the closest candidates. Ap-
pendix D.3 provides results on the public benchmarks.

Embedding robustness. To evaluate robustness across in-
put embeddings, we replace the aligned BGE representa-
tions used in the main experiment with aligned Qwen3-
Embedding-0.6B representations (Zhang et al. 2025b). We
rerun five tokenizers using these 128-dimensional represen-
tations, with the alignment procedure, codebook sizes, and
downstream protocol unchanged. Figure 5 shows that PRQ-
KMeans achieves the highest HitRate and MRR on both Or-
der and Click under the alternative embedding, supporting
its robustness to different input embeddings.

Layer 1 (1024) | Layer 2 (512) Layer 3 (128)

RQ-KMeans PRQ-KMeans

Figure 6: Centroid visualization on the industrial dataset. L1—
L3 centroids from RQ-KMeans and PRQ-KMeans are jointly
embedded using one t-SNE fit; both panels share coordinates
and axis limits, and colors and markers denote SID levels.

5.5 Qualitative Analysis

Centroid visualization. To visualize how residual con-
struction shapes the learned codebooks, we use the L1-L.3
centroids of RQ-KMeans and PRQ-KMeans and jointly em-
bed them in two dimensions with t-SNE (Van der Maaten and
Hinton 2008). In RQ-KMeans, L1 centroids span a broad re-
gion, whereas L2 and especially L3 centroids form a dense
core. This pattern is consistent with residual carryover: when
the selected-centroid component remains, later codebooks
receive representations that still vary along earlier centroid
directions and may revisit previously represented variation.
In contrast, PRQ-KMeans removes this component before
fitting the next codebook, and its L2 and L3 centroids cover
a broader region. Together with the higher later-level utiliza-
tion and lower Gini in Table 1, this visualization provides
qualitative support for progressive commonality removal.

Case study. We trace 12 Kitty-themed slippers assigned to
one RQ-KMeans full SID. Under PRQ-KMeans, these items
retain one shared level-1 prefix, separate into two level-2
prefixes, and form three full SIDs containing four items each.
In this group, the later tokens distinguish observed indoor
soft-soled, outdoor/dormitory, and mixed-use variants while
retaining the shared product theme. Appendix D.4 reports
the exact collision-group statistics and selection procedure;
it also presents a case study of the weak-intent query “hotel.”

6 Conclusion

This paper presents PRQ-KMeans, a post-hoc hierarchical
SID tokenizer based on progressive commonality removal.
It removes the global component before the first level and
refines each codebook with Top-k soft weights. After assign-
ment, it removes the selected-centroid component through
projection before fitting the next codebook. PRQ-KMeans
achieves the best overall downstream retrieval performance
on the industrial dataset and four public benchmarks. Compo-
nent ablations support the complete design. Together, these
results support explicitly controlling what is passed between
successive SID levels.
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A Theoretical Proofs

We first derive how representation-level carryover behaves
within a cluster, including the case in which the centroid is
the arithmetic mean of its assigned representations. We then
prove the geometric properties of the projection residual used
by PRQ-KMeans.

A.1 Residual-Carryover Identity

Consider a nonzero centroid c, let p = ||c||, and ¢ = ¢/p,
and fix a nonempty assigned set Z;. For each 7 € I;, write
r; = a;¢ + u;, where @; = rj¢ and u; L ¢, and let
=~ . i 71 i . .

a; = |Z;] Ziezj «;. Because the carryover coefficient is

— p, its mean squared magnitude satisfies

1

7] Z(ai — p)? = Varz, (a) + (a; — p)*. (15)
Here, Varz, () = [Z;|7! 3 ;c7, (i — a;)? denotes the
population variance within the assigned cluster. When c
is the arithmetic mean of the assigned representations,
aj = ¢ "¢ = p. The mean squared carryover then equals the
within-cluster variance of «; and becomes zero only when
all assigned representations have the same coefficient along
the centroid direction. For a non-mean centroid, the second
term in Eq. (15) captures the additional offset.

A.2 Proof of Proposition 1

The identity above characterizes why full-centroid subtrac-
tion can retain a component along the selected centroid. We
now prove that the projection residual removes this com-
ponent with the minimum Euclidean change, as stated in
Proposition 1. Let ¢ € R be nonzero and define
T
—r— e (16)
lell

Exact orthogonality. By direct expansion,

*

c'vi=c'r—

If v* # 0, normalization multlphes it by a positive scalar
and therefore preserves orthogonality.

Minimum Euclidean change. The feasible set S = {v :

v 'c = 0} is a closed linear subspace. Because v* € S and

v —r = —(r'c/|lc|})c € span(c) = S*, any feasible
v € § satisfies

v =[5 = lv = v*[I3 + [[v* = x[l5. (18)
The second term is fixed and the first is nonnegative, with
equality only when v = v*. Thus v* is the unique solution
to Eq. (6). This minimum-change property applies to the
projection residual before normalization.

B Algorithm Details

Algorithm 1 presents the complete fitting and encoding pro-
cedure. The fitting stage learns the global mean and level-
wise codebooks from the input embeddings. The encoding
stage freezes these parameters and generates a hierarchical
SID for each embedding.

Algorithm 1 PRQ-KMeans fitting and SID encoding

Input: embeddings {x;}7,, depth L, codebook sizes { K} 1,
neighborhood size k, concentration 3, and the number of refinement
iterations
Output: global mean g, codebooks {C}% |, and hierarchical
SIDs
Tokenizer Fitting
Global Component Removal
X; < norm(x;) for all ¢
H— N -1 Z X;
(1) < norm (X; — 3y ||/1,||§)u) for all ¢
for {=1,...,Ldo
Sample K ¢ current residuals to initialize the centroids
Top-k Soft Centroid Refinement
for each prescribed refinement iteration do

(e) « cos(r! (é) (_Z))
N(e) <+ TopK; s (£>
(©)
exp(fs;.
ff) p(ﬁ ) o forj € ng‘-’j set it to zero
Eter eXP(/BSit )
otherwise © (ﬁ)
o 2w
i S w<£>
end for
Hard Assignment

( ) arg max; cos(r §“),c§‘>)

(/) <
i Z(l’«)

if ¢ < L then
Projection Residual

pOT (O
rEZH) < norm (rié) - ’c(&)

end if
end for
SID Encoding
for each input embedding x; do

X; < norm(x;)

ri? « norm(g,. — (& /|3 )

for/=1,...,Ldo

(L’)

< argmax; cos(r( ) (e))

¢ )
< ) c(&)
if{ <L then
HOT (0
ry“) < norm r,ga S A C(e))
end if
end for
Store (z; @ . ,ZEL)) as the SID of x;
end for

return u, {C}L_, and all stored SIDs

C Experimental Details

This section describes the public and industrial benchmark
protocols, the baseline configurations, and the metrics and
reproducibility settings used throughout the experiments.



C.1 Public Benchmark Setup

The public evaluation uses the GenRec data processing and
TIGER encoder—decoder pipeline (Rajput et al. 2023; Wan
et al. 2026) on Sports, Toys, Clothing, and LastFM. Tokeniz-
ers are fitted on 768-dimensional Sentence-T5-Base item rep-
resentations (Ni et al. 2021), and every tokenizer produces a
three-level SID with a 256-256-256 codebook. PRQ-KMeans
uses k = 2 and 5 = 15.

All SIDs are evaluated with the same TIGER encoder—
decoder, which has four encoder layers, four decoder layers,
model dimension 128, feed-forward dimension 1024, and six
attention heads. Training runs for at most 200 epochs with
learning rate 10~*, zero weight decay, training batch size
256, and inference batch size 96. The best validation check-
point is selected with patience 10, and decoding uses beam
size 30. The public results use item-level Recall and NDCG.
While some previous work reports SID-level metrics, we use
item-level Recall and NDCG to account for SID collisions
(Zhang et al. 2026). Specifically, for each predicted SID with
multiple mapped items, the evaluator randomly selects one
representative item with fixed seed 42; duplicate item pre-
dictions are removed before metric computation.

C.2 Industrial Benchmark Setup

The industrial benchmark follows the OneSearch training and
evaluation framework (Chen et al. 2025). Tokenizer fitting
uses 7,797,542 items and 9,046,403 training-query records,
for 16,843,945 representations in total. The 128-dimensional
representations encode query text, item titles, prices, key-
words, and OCR-derived text with a distilled BGE encoder
aligned by query—query, item—item, and query—item objec-
tives.

The three- and five-level settings use 1024-512-128 and
1024-512-128-64-64 SIDs, respectively. PRQ-KMeans uses
k = 5 and § = 15. All tokenizers share BART-Base (Lewis
et al. 2020) and the same three training stages: semantic
content alignment with 35,689,588 examples, co-occurrence
synchronization with 54,459,755 examples, and user person-
alization modeling with 45,916,427 examples. Training uses
batch size 512 and learning rate 5 x 10~5; the three stages
run for 4, 3, and 6 epochs, respectively.

Following OneSearch, we construct separate Click and
Order test sets from search logs, each containing 30,000
query—item pairs with the corresponding observed behavior.
Beam search returns 128 SIDs. For each SID, mapped items
are ranked by availability and a composite score derived from
historical click-through rate, conversion rate, click count, and
order count, and the top five items are retained. The resulting
item lists are expanded in beam order, stably deduplicated,
and truncated to 50 items. We report HitRate and MRR under
the cutoff defined in Section 5.1.

C.3 Baseline Configurations

The public and three-level industrial comparisons include
RQ-VAE, R3-VAE, RQ-KMeans, RQ-GMM, PQ-KMeans,
and OPQ-KMeans. In the five-level industrial comparison,
RQ-OPQ uses two RQ-KMeans levels, a balanced K-Means
third level, and two OPQ suffix tokens. ResKmeansFSQ uses

three RQ-KMeans levels and maps its L3 residual with a joint
12-bit FSQ code split into two 64-way suffix tokens. PRQ-
OPQ replaces the first two RQ-KMeans levels of RQ-OPQ
with PRQ-KMeans while retaining its balanced third-level
K-Means and two OPQ suffix tokens.

For a fair comparison, each tokenizer uses its prescribed
fitting or training schedule. RQ-VAE and R3-VAE are trained
for 20 epochs with batch size 4,096 and learning rate
5 x 1074, RQ-KMeans and PQ-KMeans use 25 clustering
iterations, OPQ-KMeans uses 25 alternating rotation and
clustering iterations, and RQ-GMM uses at most 30 EM iter-
ations with variance floor 10~%. PRQ-KMeans uses 25 soft
centroid-refinement iterations.

C.4 Metrics and Reproducibility

Let S be the set of distinct full SIDs assigned to items and
let n(s) be the number of items assigned to s € S. The
independent-code ratio is

{seS:n(s)= 1}|

ICR =
S|

19)

Its denominator is the number of distinct SIDs rather than
the number of items. For level /, let P, be the set of occupied
length-¢ SID prefixes. Cumulative prefix utilization is

Utily =

lpid (20)

Ht:l K
Used-prefix Gini is computed from the item frequencies of

prefixes in Py only. If My = |Pe| and f1) < -+ < fiar)
are their sorted item frequencies, then

Giniy — 2 afy Mi+1
iniy = 7 T 21
MZ Zq:l f(‘]) £

Unused prefixes are excluded, and a lower value indicates a
more even distribution among the occupied prefixes. Table 1
reports ICR and utilization as percentages. In the three-level
block of Table 1, ICR uses the complete three-token SID. In
the five-level block, ICR uses the complete five-token SID,
while utilization and Gini report each tokenizer’s L1-L.3
prefix.

SID tokenizer fitting, SID encoding, and codebook anal-
yses are conducted on a CPU server with two AMD EPYC
9654 processors (96 cores per socket) and 2.2 TB RAM.
Downstream generative-retrieval training and evaluation are
conducted on a separate server with eight NVIDIA H800
GPUs (80 GB HBM3 each) and two Intel Xeon Platinum
8558 processors (48 cores per socket).

D Additional Experimental Results

This section follows the order of the main analysis. It first
provides the carryover measurement and controlled-update
details used in the motivation, then reports the complete
public ablations, public-benchmark sensitivity results, and
two qualitative case studies.



D.1 Residual Carryover Analysis

For the industrial RQ-KMeans tokenizer, we average the car-
ryover ratio in Eq. (4) over the full tokenizer-fitting popula-
tion. After L2 normalization, the carryover ratio equals the
absolute cosine between the next-level representation and the
selected centroid. For two independent isotropic unit direc-
tions, the expected absolute cosine is

B I'(d/2) Lid g1 erqd—1
= (112 u, v "< Unif(S?71).
(22)

For d = 128, this expectation is 7.07%, providing a dimen-
sional scale for the values in Figure 2(a). Figure 2(a) reports
m(® for the three levels.

The controlled update on the industrial dataset used in
the main text can be written directly in terms of centroid

EUuTvH

subtraction and projection: let ¢; = CSZ), pi = |Icilly, € =

Ci/pis i = I'gl)T 21)

2 1 I‘(l)TC‘
rg )(77) = norm rg ) _ ne; + (1 —n)——"c;

‘ c
2
leillz
=norm(n(ce; — pi)€; + w;) .

éi, and u; =r — Oéiéi.

(23)
The second equality follows from Eq. (3) and shows that the
operational update scales only the original carryover term
before applying normalization. The L1 codebook and as-
signments remain fixed, and L2 is refitted for every value of

n.

D.2 Public Benchmark Ablations

Table Al reports the complete public results for the three
ablations, consistent with the main-text ablation findings.

Sports Toys Clothing LastFM

Variant Recall NDCG Recall NDCG Recall NDCG Recall NDCG

PRQ-KMeans 0.0531 0.0219 0.0851 0.0361 0.0382 0.0151 0.0179 0.0076
— Global 0.0505 0.0202 0.0830 0.0359 0.0370 0.0151 0.0107 0.0044
— Soft 0.0515 0.0210 0.0815 0.0350 0.0371 0.0146 0.0043 0.0017
— Projection  0.0503 0.0201 0.0810 0.0345 0.0360 0.0141 0.0099 0.0044

Table Al: Ablation study on the public benchmarks.

D.3 Public-Benchmark Hyperparameter
Sensitivity

We also evaluate hyperparameter sensitivity on Sports, Toys,
Clothing, and LastFM. Figure Al varies k € {1,2,5,10}
at fixed 5 = 15 and 8 € {10, 15,20,25} at fixed k = 2.
For the neighborhood size, k = 2 gives the best or tied-best
Recall and NDCG on all four benchmarks, while increasing
k further provides no consistent gain. For the concentration
parameter, 5 = 15 performs best on Sports, Clothing, and
LastFM, whereas S = 10 performs best on Toys. Thus, the
preferred concentration varies across datasets.

=0O= Recall == NDCG
Sport:
0.0 i o—0—,—0
0.037
W
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Figure Al: Hyperparameter sensitivity on the public bench-
marks. Each dataset occupies one panel. The left segment
varies Top-k with § = 15, and the right segment varies
weight concentration with k£ = 2. Recall and NDCG follow
the definitions in Section 5.1.

D.4 Qualitative Case Studies

Tables A2 and A3 examine two aspects of hierarchical SID
organization. The collision case follows one fixed item group
through the two tokenizers, and the weak-intent case com-
pares the prefix neighborhoods associated with the same
query.

For the collision case, we select a 12-item Kitty-themed
slippers group using a fixed SID-structure criterion. The
group shares one RQ-KMeans full SID. PRQ-KMeans re-
tains one common level-1 prefix, separates the items into
two level-2 prefixes, and produces three full SIDs with four



items each. Table A2 summarizes the keywords associated
with the resulting PRQ-KMeans branches.

Full-SID
branch L2 Items Keywords
A A 4 Outdoor; dormitory; shower.
B B 4 Indoor; soft-soled.
C A 4 Bathroom; travel; home/outdoor.

Table A2: Keyword summaries for the selected 12-item
collision group under PRQ-KMeans. Branch labels are
anonymized.

For the pre-specified query translated as “hotel,” we iden-
tify the level-2 prefix assigned by each tokenizer and inspect
the catalog items that share this prefix. The RQ-KMeans
prefix contains 22 items and 14 distinct level-3 branches,
while the PRQ-KMeans prefix contains 100 items and 29
branches. The latter neighborhood includes observed hotel-
related contexts such as entrances, bathrooms, corridors, and
commercial installations.

Items under Distinct
Method L2 prefix L3 branches
RQ-KMeans 22 14
PRQ-KMeans 100 29

Table A3: Prefix-neighborhood statistics for the weak-intent
query translated as “hotel.”



