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Abstract

Neural networks trained by gradient descent on a smooth cost function can nevertheless learn in steps: the cost
holds on long plateaus and then drops abruptly. Meanwhile, training losses instead follow smooth power laws.
Variants of both behaviors occur in architectures with very different microscopic structures, which is the signature
of a few relevant collective variables. We show that a symmetry fixes what those variables are: a network layer is a
sum over interchangeable units, so relabeling the units leaves it unchanged; given smoothness and the condition that
a unit’s gradient vanish at the origin, symmetry then enforces a universal leading form for the expansion about the
near-zero weights present at the start of training, the quadratic Tr[WW T A(z)], in which every architectural detail
is confined to a single “structure matrix” A(x) that we compute for each architecture. Perceptrons, attention layers,
mixtures of experts, and convolutions become one model at different A. Its training dynamics then close on the “order
parameter” M = WW and, whenever the data matrices share an eigenbasis, reduce to a Lotka—Volterra equation
whose modes switch on one after another. The smaller the initial weights, the further apart the switch-on times, and
the plateaus appear as a singular limit of a smooth flow; when many modes are unresolved the same events merge
into a power law in training time whose exponent the theory predicts. We confirm both numerically across training
methods and architectures.

1 Introduction

Neural networks exhibit two apparently incompatible forms of regularity. Along a single training trajectory, the loss
can remain nearly constant for long intervals and then fall abruptly as new features are acquired. Across model
size, dataset size, or training compute, by contrast, losses often follow smooth power laws over many orders of
magnitude, with weak sensitivity to architectural detail [39, 7, 49]. These cross-scale laws are accurate enough to
guide large-scale design decisions: compute-optimal scaling can favor a smaller model trained on substantially more
data over a much larger, undertrained one [36]. Variants of both behaviors occur across architectures with very different
microscopic structure, including multilayer perceptrons, convolutional networks, mixtures of experts, and transformers
[62, 46, 75, 43, 37, 40]. Sharp microscopic events together with macroscopic laws that are indifferent to microscopic
detail are the familiar signature of a small number of relevant collective variables, and they invite the construction of
a minimal model.

To a physicist, these behaviors are not unique to neural networks. Smooth deterministic dynamics can produce
sharp, reproducible transitions when different modes cross instability thresholds one at a time, as at the onset of con-
vection in a fluid. Long plateaus followed by rapid changes resemble the induction periods of autocatalytic reactions.
Moreover, a transition may remain smooth for every finite value of a parameter but become sharp in a limiting regime,
just as phase transitions emerge only in the thermodynamic limit. Finally, the weak dependence on microscopic details
suggests universality: the large-scale behavior is governed by a small number of collective variables.

These physical phenomena can be understood by finding the collective variables and the equation they obey.
Such a search naturally begins with a symmetry, and neural architectures supply an unusually clean one. Neural
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Figure 1: Permutation symmetry of the units allows us to characterize the model with structure matrices A.
(a) Perceptrons, attention layers, mixtures of experts and convolutions are all sums over interchangeable components,
so a permutation leaves the represented function unchanged. (b) Training begins with all weights near zero, so each
module may be Taylor expanded about that point. Given smoothness and the condition that a component’s gradient
vanish whenever that component’s own weights do, symmetry then enforces the same leading quadratic form in every
case (Theorem 1), and the architecture survives only in the structure matrix A(x). Here z is a single input to the
module.

networks are canonically assembled from repeated, exchangeable components: hidden units in a perceptron, heads in
an attention layer, experts in a mixture, channels in a convolution. Relabeling those components leaves the represented
function unchanged, so a module of width d is invariant under the symmetric group Sy acting on its components, in
the same way that a collection of identical particles is invariant under exchange. The analogy is more than verbal:
the training of two-layer networks has been mapped directly onto the mean-field dynamics of interacting particles
[52], permutation symmetry has been proposed as the operational definition of a neuron [77], and the breaking and
restoration of parameter symmetries has been argued to organize the order in which features are acquired [79, 80].

Symmetry of this kind is the standard point of departure for a Landau construction [44, 32, 21]: identify the
symmetry group, identify a small parameter that holds the system near a distinguished point of configuration space,
expand about that point, and retain only the lowest-order terms the symmetry permits. Here the group is Sy, the
distinguished point is the origin of parameter space, and the small parameter is the initialization scale e. Microscopic
detail should then survive only in the phenomenological coefficients of the expansion, which is the sense in which
universality across architectures is to be expected and which is the logic underlying the statistical-mechanical tradition
in learning theory [63, 25, 74, 8, 20].

Carrying out this program produces a single expression, summarized in Figure 1. We prove (Theorem 1) that any
module f,(wi,...,wy) that is Sg-symmetric in its components [Figure 1(a)], is three times continuously differen-
tiable, and satisfies a gradient condition, stated precisely below, obeys

Fo(W) = f2(0) = " g(2) + T[WWTA(2) ] + O (|W]?). €]

Here z is a single input, W = (wy, ..., wq) € RP*? collects the d components, each carrying p parameters, = Zle Wy,
and the symmetric matrix A(x) € RP*P is fixed by the architecture and by x alone; we call Eq. (1) the neural quadratic
form (NQF) and A(x) the structure matrix. It turns out that the term u'g(x) vanishes for most of the practical
architectures, and so the NQF can often be written with only the second-moment term.

Everything architecture-specific now sits in A(x), as a sparsity pattern and a set of couplings [Figure 1(b)]. At-
tention is the striking case: only its value and readout blocks appear at this order, the query and key matrices entering
first at quartic order. What controls the model is likewise not the individual components but the order parameter
M =WWT, whose size is set by p.

Quadratic parameterizations are not themselves new as proxies for nonconvex learning [33, 5, 18, 12, 48, 23].
Matrix sensing, phase retrieval, diagonal networks and quadratic networks have each been analyzed on their own terms,
to explain implicit low-rank bias, spectral initialization, or feature growth; exact analyses of deep linear networks



display the same mode-wise plateaus under gradient descent [62, 3]; and recent work argues that quadratic models
remain quantitatively accurate even for large language models [53]. What Eq. (1) adds is that these are not a family
of analogous models but one model, and that the coupling A(z) is computed from the architecture [Figure 1(a,b)].
Seventeen models previously studied as separate solvable proxies, including those above, are instances of Eq. (1) at
particular A. A practical consequence is that A(z) can be evaluated for a proposed layer before that layer is ever
trained.

Several distinct regularities travel under the name of a neural scaling law, and they are worth separating before any
theory is compared. Power laws are reported in the loss against optimization time within a single run; in the trained
loss against model or dataset size; and along a compute-optimal frontier trading the two. What follows is a law of the
first kind, for excess loss against rescaled training time, controlled by the same spectral structure that enters theories of
the other two. How the trained loss depends on model size, dataset size and compute, and how those resources should
be traded against one another, is a separate question we do not take up.

Within that scope, the closest theory is that of Bahri et al. [7], who separate a variance-limited regime, where
the loss falls as the inverse of model or dataset size, from a resolution-limited one whose exponent is set by the data
manifold or the tangent-kernel spectrum. Theirs is a theory of trained loss against scale; ours is of loss against time.
Kernel treatments reach power-law learning curves from spectral structure by a related route [15, 17, 49, 14], but
they linearize about initialization and freeze the representation [38, 22], suppressing the feature growth that produces
abrupt transitions [61, 10]; sudden learning is then treated separately, as saddle-to-saddle transitions for particular
targets [1, 54, 56, 11], or as the loss of stability of a trivial symmetric solution [71]. Our question spans the two: can
the spectrum behind a macroscopic law emerge from within a feature-learning dynamics, and can that same dynamics
produce the abrupt acquisition of individual modes? Answering both questions with one dynamics is tractable only
because that dynamics is reducible to a few collective variables.

That reduction is our first result. Under stochastic gradient descent, the dynamics of any NQF close on the pair
(M, p) = (X; wiw], ¥; w;), no matter how many trainable parameters the model contains (Theorem 2). The entire
parameter trajectory is therefore represented by these low-dimensional moments; and within the NQF description a
module of width d admits a compressed equivalent of width ky, + 1, set by the rank of the data, which reproduces
its predictions on the training data at every step under a rescaling (Theorem 3). This measures the low-dimensional
training dynamics [34, 45, 4]. The second result is that the closed dynamics is in many cases solvable. In the common
eigenbasis of the data, the flow of M becomes the generalized Lotka—Volterra equation of population ecology [35, 51,
16], with the eigenvalues z; of M in the role of species abundances, and we solve it in four regimes (Theorems 4-7),
each exhibiting a combination of sudden learning and neural scaling law phenomena.

This work is organized as follows. Section 2 derives the normal form and Section 3 computes A(x) for standard
architectures. Section 4 analyzes the dynamics, and Section 5 solves the dynamics for special cases. Section 6 derives
the predictions for sudden learning and neural scaling laws. Section 7 tests them numerically, and Section 9 discusses
the limitations and the extension to higher orders.

2 Neural Quadratic Forms

This sections presents the central result of this paper. We show that permutation symmetry alone gives us a universal
norm quadratic expansion, which is the result of Theorem 1. In Section 3 we will show how each neural architecture
is different.

Notation. Throughout, x denotes a single input to the module: one training example drawn from a set X'. The module
itself is written f, a scalar-valued function of the parameters at fixed x; the subscript records that z is held fixed while
the parameters vary. Its d components carry p parameters each, collected as w1, ...,wq € R?, so f, : RP*? - R,
Vector-valued outputs are treated in Appendix B.2 and change nothing essential. All notations used in our paper are
listed in Table 2.

The starting point of the theory is that there is a universally shared mathematical structure across different types of
layers and architectural modules (see Section 3).

Definition 1 (Permutation symmetry). f, : RP*¢

fm(wg(l), R wg(d))for any permutation o.

— R satisfies the permutation symmetry (Sq- symmetry) if fz(w1,...,wq) =

Leveraging the terminology from MLPs, each w; can be seen as the weights of a neuron of a hidden layer. It is
thus natural to call w; a “neuron,” and we will stick to this terminology. In fact, permutation symmetries have been



suggested as the “right” way to precisely define a neuron in deep learning [77]. To be more precise, one could also
call w; the “coordinate” of the i-th neuron. Thus, in our work, any subset of the weights that is the minimal unit of
permutation symmetry will be called a “neuron.” In this terminology, the weights of a self-attention head are also a
neuron.

For a simplified presentation of the theory, we assume one further benign condition that is obeyed by almost any
neural architecture in use (see Section 3).

Property 1. Zero gradient at zero (ZGZ): for any neuron i and any wij+;, Va, fz (W1, ..., wq)|w;=0 = 0.

The following theorem shows that for models with permutation symmetry, their Taylor expansions take a highly
universal form. In some sense, this result can be seen as a variant of the fundamental theorem of symmetric polyno-
mials [69].

Theorem 1 (Neural Quadratic Forms). Let f, : RP*? — R be a three times continuously differentiable model with
respect to its neurons W = (w1, ..., wq), where w; € RP. Assume f, satisfies the permutation symmetry and the ZGZ
conditions. Then,

d

fo(W) = £(0) + 3, Tefwiw] A(2)] + O(|W ), 2

i=1
where A(x) € RP*P is a symmetric matrix dependent only on x, and f,.(0) is the model evaluated at W = 0. Equiva-
lently,

d
Jim, D@7 W) = £2(0)) = 3 Tr[wiw] A(2)]. 3)

Remark. We note that the ZGZ condition is nonessential. Removing it leads to essentially the same result but with
more complicated notations. We present these results in Appendix B.1. Moreover, in practice, the ZGZ assumption
can be replaced by the stronger (but equally common) assumption of having a per-neuron Zy symmetry, meaning
folooywiy o) = fo(ooo,—wy,...) for all i. This means the Ist- and 3rd-order tensors in the Taylor expansion are
zero, naturally elevating the error bound from O(|W ) to O(|W|*).

Therefore, we will refer to any model in the form of Eq.(2) as a neural quadratic form (NQF). For example,
fe(W) =co+ Te[WWTA(z)] “)

will be a generic NQF with d as its width and A as its “architecture” or “structure.” We will from now on refer to A as
the structure matrix. In Appendix B.2 we extend the results to multidimensional outputs. Note also the dimension of
M. Both M and A(x) are p x p, where p is the number of parameters of one neuron: the width d having already been
summed away. Since the neurons are exchangeable, they may be read as identical particles with a p-dimensional state
space, and }; w; and M = Y, w;w, as the first two moments of their empirical distribution, M playing the role of a
density matrix.

The next section shows how different forms of A distinguish different architectures. Note that f depends on the
neurons only through their second moment M = WWT, a point we take up in Section 4.

3 NQF for Different Architectures

In fact, a point often unclear to practitioners is that the existence of permutation symmetries is so universal that essen-
tially any architecture module that has a notion of “width” automatically has the permutation symmetry property. This
makes Theorem 1 applicable to almost any neural module one encounters in practice. Thus, in the NQF perspective,
it is the structure matrices that determine the learning dynamics of neural networks. See Table 1 for common models
that are reducible to an NQF. We now discuss a few examples in more detail.

Two-Layer MLP. Consider a two-layer Multi-Layer Perceptron (MLP) with a scalar output f, : R&G+D R
without bias terms. Let the parameters associated with the i-th hidden neuron be denoted as a single vector w; =
[u],v;]7, where u; € R¥ is the input weight vector and v; € R is the readout (output) weight. The model is given by:

d
fo(wr, ..., wa) = Y vid(u] ) 5)
i=1

where € R¥ is the input and ¢ : R — R is the activation function.
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Table 1: Six representative models that are instances of the neural quadratic form (1), together with A(x) that distin-
guishes them. There are two ways to read the table: many generic architectures reduce approximately to an NQF, and
many previously separate models are special cases of the NQF. The complete list appears in Table 3.

Model NQF notation Structure matrix A(z) Refs.
’ 0 X
Two-layer MLP V) =2L vigule)  Ax) = £ l o ‘z] [29, 61]
x
. ¢'(0) Orxm Zp Tp
Single-layer CNN fa(W) = A(X) ==~ ; [42, 24]
Z?:l V5 211;1 (b(k;xp) pTp 0
024, D 0 0
Multi-head attention ~ f,, d(W) = AX)=3] o 0 Tavg ® I, [67]
Yic1 vf W' X - softmax(-) 0 sl el 0
/ 0 G(z)"
Mixture of experts fe(W) = A(z) =Y SO) ] rG(x) ’ [64, 57]
iy (rz) B(x:6)) Gla)et 0
G :=VeoE(x;0)
Phase retrieval Jo=a WW'a A, =aa” [18, 47]
Diagonal linear fo(u) = X zpui /4 A, = 1 Diag(z) [12,59]

network

Proposition 1. If ¢ is three times continuously differentiable and satisfies $(0) = 0, then the model (5) satisfies the

assumptions in Theorem 1 with
_ (;5,(0) Okxk
Az) = > |2 ol (0)

Self-Attention. Consider a Multi-Head Attention (MHA) model computing a scalar output from an input query
token € R” and a context matrix X € RP*¥ (where N is the sequence length).
Let the parameters associated with the i-th attention head be grouped into a single parameter vector w; = vec( WiQ, WE WY v),
where W2, W/ e R%*P are the query and key matrices, W,” € R%*P is the value matrix, and v; € R% is the readout
vector for the scalar output. Assuming no bias terms, the model is formulated as:

d
fo(wi, ... ,wa) = > v] WY X - softmax (7)

i=1

Vdy
where softmax is applied over the /N dimension.

Proposition 2. The MHA model (7) satisfies the assumption in Theorem 1. The matrix A(X) takes the following block
form:

00 0 0
1o o o0 0

A =310 0 0 wwyel ®)
00 al,&l, 0

where T 4,4 = %X 1y e RP 15 e RY is avector of all ones, and ® denotes the Kronecker product.

This means that to leading order, what determines the behavior of a self-attention head are the value and output
matrices, and the self-attention behaves like an averaging operator. In fact, the query and key weights appear only at
quartic order.



Query-Key-Only Head. Now, consider a variant of MHA where the readout vector and value matrix are fixed and
merged into a constant vector ¢ € R”. While this is rarely the case in practice, it is actually a common theoretical
model of the learning dynamics of attention (e.g., [6, 50], or in which the readout and query-key matrices are trained
separately [70]). The model evaluates a scalar output as:

d XT(WEY WSz
folwi, ... wg) = cTX'softmaX(H) 9)
% N
Let the parameters for the i-th head be the query and key matrices w; = [vec(I/ViQ)T7 vec(WE)T]T e R24:D,
Proposition 3. Model (9) satisfies all assumptions in Theorem 1. Furthermore, A(X) takes the block form:
1 0 zu' ®Ig,
A - [u L (10)

where u =Y xceRP, and X x = %XXT - (%Xl;\;)(%XlN)T e RP*P js the sample covariance matrix.

Single-head attention logits. Finally, we can also consider the single-head attention model, which can, interestingly,
also be regarded as an independent NQF because the query and key weight matrices contain the permutation symmetry
as a subgroup.

Proposition 4. By treating the i-th rows of W and W as w; € R?P, the single-head attention model
XT(WK)TW%)
Vdy
satisfies all assumptions in Theorem 1. Furthermore, A(X ) € R?P*2P takes the block form:
1 0 zu'

where uw =Y. xc € R, and ¥ x is the sample covariance matrix.

fe(wi, ... wg, ) =c"X - softmax( (11)

Mixture of Experts. Consider a Mixture of Experts (MoE) model computing a scalar output f, from an input
x € R¥. Let the parameters associated with the i-th expert branch be grouped into a single vector w; = [r],vec(0;)]",
where r; € R¥ is the routing (gating) weight vector, and ©; represents the internal parameters of the expert network
E(x;0;). We employ an independent gating mechanism [57]:

d
fo(wi,...,wq) = Y (r]z)E(x; 0;) (13)
i=1

where ¢ : R - R is a smooth gating activation function (e.g., Tanh or GeLU) satisfying ¢/(0) = 0. Each expert
E(x;0;) is a smooth neural network satisfying F(x;0) = 0.

Proposition 5. Assuming the gating function ¢ and the expert networks E are at least three times continuously
differentiable, the MoE model (13) satisfies the assumption in Theorem 1 with

1 0 '(0)xVe, E(x;0)7

A®) =5 | (0)Vo, B(2:0)2" 0

(14)

Convolutional Neural Networks. Consider a single-layer Convolutional Neural Network (CNN) computing a scalar
output f, from an input feature map X. Let the parameters associated with the i-th convolutional channel be grouped
into a single vector w; = [k],v;]", where k; € R™ represents the flattened weights of the convolutional filter, and
v; € R is the readout weight applied after pooling.

Assuming the network uses global sum-pooling over the P spatial patches of the input (denoted as x,, € R™ for
p=1,...,P), the model is formulated as:

M~

fo(w, ... wg) =Y v;

=1 p

o(kjxp), (15)

1

where ¢ : R — R is the activation function.



Proposition 6. If ¢ is three times continuously differentiable and satisfies $(0) = 0, then the CNN (15) satisfies the
assumption in Theorem 1 with

¢,(0) [ Omxm ZP=1 :Ep:|
A(X) = P . 16

Notions of Layer and Representation. While the form Tr[W AW ] is universal, the matrix A always takes a sparse
and strongly off-diagonal form. In particular, for any neural layer above,

1[0 C(x)

where C' € R%*%2 is an arbitrary rectangular matrix with suitable dimensions. This means that one can also divide W

into corresponding blocks: W = |:§1:| such that
2

(18)

Mo W = [le{ le;]

ZoZ] 727}

This implies that the output of the model only depends on ZyZ[: f, = Tr[Z,Z]C]. In the case of a vector C' = z,
Z1 is also a vector and so f, = ZngT z, a two-layer linear network. Therefore, one can abstractly think of ZlT as the
first-layer weight and Z5 as the second-layer weight. The representation also becomes definable. The first-layer latent

representation of C'(x) is thus
h(z) = Z{ C(z). (19)

For a structured model, such as above, it is possible to talk about a latent representation and define the notion of layers.
Whenever the matrix A can be written in this form, we refer to the model as a “feedforward” model.

4 Learning Dynamics of the NQF

Sections 2 and 3 concern a model when expanded, and in this section, we study the learning dynamics of these models.
A key question this section answers is how many numbers are needed to follow training. The answer is that the number
does not grow with the model: whatever the width, the trajectory of an NQF is a flow on the pair (M, u1). This is stated
as Theorem 2. One consequence follows immediately: learning is highly redundant, in that a model can be compressed
with no change to its trajectory at all (Theorem 3).

We work throughout with the most general form of NQF without the ZGZ condition (See Appendix B.1). If we
denote M := Z;-izl w;w, and p = Z;-izl w;, we can write a general NQF as

fo(W) = f2(0) + g(2) pu + p" B(z)p+ Te[M A(2)]. (20)
Without loss of generality, A and B matrices can always be regarded as symmetric matrices.

Theorem 2 (Master Theorem for NQF). Let A(x), B(x) be symmetric. Under SGD

AW == Y T £(fo(W)) @
zeBB

with identical data sampling, two neural quadratic models have M, (t) = Mp(t), pua(t) = pp(t) at any time t if at
initialization:

Mq(0) = Mp(0), 1a(0) = 11(0)- (22)
The learning dynamics are completely determined by M, ji:
Auz—n(d-v-kHu) (23)
AM = —n(vp" +po" + HM + MH) +n*(d-vo" +vp"H + Hpo" + HMH) (24)
where d is the number of neurons, v := ¥ 53 0, (g(z) +2B(2)p) and H := ¥ ,.3 2, A(z). Here we denote €/, := %

and B denotes a minibatch.



This theorem can be extended to a form that describes a broad class of optimization methods including vanilla
SGD, SGD with weight decay, and Polyak Momentum. With weight decay, a simple decay —yM term appears in the
equation, where + is the weight decay strength. See Appendix B.3.

A deep neural network can often be viewed as a composition of multiple layers, each of which can be approximated
by an NQF model. We theoretically and empirically study multilayer NQFs in Appendix B.4.

Compressibility of NQF. A key implication of Theorem 2 is that the learning process of neural networks is highly
redundant. We will say that two neural networks f,(6) and g,.(6") have the same learning dynamics if for any x,

Namely, the identity is defined on the functional side, and it is possible for two models to have the same dynamics
even if they have different parameters.

Actually, there exist infinitely many parameter configurations whose learning dynamics are identical. This also
implies that the learning process of a very large neural network is identical to and can be fully captured by a much
smaller network — a phenomenon that has been termed the “dynamical lottery ticket hypothesis™ [28, 69].

Theorem 3. Let an NQF have d neurons, defined by functions g(x), B(x), A(x), learning rate n, and initial param-
eter statistics 1(0) and M(0). Let ky := dim (span Uzex ({g(a:)} U Col(A(z)) u Col(B(x)))) < p represent the
dimension of the joint subspace spanned by the vectors g(x) and all column vectors of B(x) and A(x) across all
x € X, where X denotes the training set. If d > ky + 1, then there exists a smaller NQF with d' = ky + 1 neurons,
characterized by g(x) = g(x), B(x) = B(z), A(x) = %A(a:) and learning rate 1) = %n, such that:

1. fg = faforallinputs v € X;

2. far = fafor all training steps t > 0 under SGD with identical data sampling.

In fact, independent of the original width d, there exists a finite-size NQF whose learning dynamics is identical
to that of the original. This partially explains the commonly observed low dimensionality of the training dynamics
[34, 45, 4]. Moreover, when the data is low-rank, this theorem states that the dimension of the learning dynamics is
at most that of the data, a direct explanation of the folklore belief that structures in the data make learning simple. In
Appendix B.5 we further characterize the compression error.

S Exactly Solvable Cases of Learning Dynamics

The learning dynamics of NQF do not have a general solution. However, with special initialization or data distri-
butions, solutions of the learning dynamics are obtainable. Here, we focus on training NQF with the gradient flow
algorithm. We consider the empirical Mean Squared Error (MSE) loss over a dataset of m samples {z,,, yu}Tzl:

LOW) = i(Tr[WWTA(xu)] ) (26)

3|~

where W = [wy,...,wy] € RP*? is the parameter matrix. Let A, (t) = Te[W(t)W (t)"A(z,)] - y, denote the
residual for the p-th sample. The gradient flow W = -V, L(W) is given by:

W(e) = 5 MDA () = ~H (W () @)

where H (t) := % Y1 Au(t)A(y,) e RPP.
Notice that the network’s output is determined by the positive semi-definite matrix M = WWT ¢ RP*P. By
differentiating M (t), we observe that the dynamics naturally close in the space of M:

M) =WWT +WWT = —H(t)M(t) - M(t)H(t) (28)

This kind of equation appears frequently in fluid dynamics and polymer physics, and this dynamical equation can
be seen as a zero-dimensional homogeneous flow, and M can be identified as the Reynolds stress [60]. The non-
linear matrix differential equation (28) is generally impossible to solve. However, for some special cases it has exact
solutions.



We will assume the following commutativity condition — this is a common assumption for solving the learning
dynamics of exactly solvable models, e.g., [62, 33].

Assumption 1. The dataset consists of m mutually commuting symmetric data matrices: A(x,) = PA,PT, where P
is an orthogonal matrix and A, = diag( A1, .., Ay p).

Under Assumption 1, we can project the dynamics into the common eigenbasis defined by P. Let M (t) =
PTM (t)P. The residual can be rewritten as:

Au(t) =Te[M(t)A(zu)] —yu = Tr[M(t)A#] “Yu = Ep: Mkk(t)/\u,k' ~Yu- (29)
k=1

Equation (29) reveals that the network’s output and the loss gradient only depend on the diagonal elements of M ().
We define 2, (t) := My (t) > 0 as the k-th feature.

Proposition 7. Under Assumption 1, the off-diagonal elements are slaved to the diagonal elements and do not influ-
ence the predictions or the loss. Their evolution is solved by:

M (t) = Mij(())exp(— fot (Fii(r) + FIjj(T))dT). 30)

Substituting A, (1) = ¥¥_; A2 (t) =y, into (28), we obtain the evolution of the k-th feature:
. 8 &
Zk(t) = - Z Au(t)/\u,kzk(t)- (31)
m u=1

Expanding A, (t) yields:

m P m

B() = > (Z TRNEDY (Z /\u,k>\u,j) Zj(t)) (). (32)
m p=1 7=1\p=1

(32) is the Generalized Lotka-Volterra (GLV) equation from population ecology. In general, it still does not have

analytic solutions'. For the following sections, we will consider several special cases where the dynamics are actually

solvable. The connection to the GLV allows some direct interpretation of z; as the abundance of a species and

Crj=2 L Au,kApu,j as the competition (when positive) and cooperation (when negative) between species [35].

Proportional Samples.

Theorem 4. Suppose Assumption 1 holds, and further assume that the data matrices can be expressed as A(x,,) = ¢, A

for a symmetric matrix A and constants c,,. Define o := % Z,T:l ci and f3 := % 2,77:1 cuYu- Then, the trajectory of

W (t) is given by:

W (t) = Pexp(=£(t)A)PTW(0) (33)
where exp(—§(t)A) = diag (exp(-A&(%)), ..., exp(-Ap&(t))), and the auxiliary scalar variable £(t) satisfies the
following implicit integral equation:

£(t) ds
t= f (34)
o aXf i Nzj(0)exp(-2X;s) - B

Remark. The exact solution in [73] is a special case of Theorem 4, where A only has two eigenvalues and (34) can
be integrated explicitly.

Orthogonal Samples.
Theorem 5. Suppose Assumption I holds, and further assume that A(x,,)A(x,) = 0 for all v # v. Then, the trajectory
of W (t) is given by

W (t) = Pexp(=X(t))PTW(0), (35)
where %(t) = = Ye1 §u(t) Ay is a diagonal matrix, and the auxiliary scalar variable §,,(t) for each p € {1,...,m}
evolves independently according to the following implicit integral equation:

Eu(t) ds
- [0 : . (36)
0 Zk=1 )\,u,,krzk(o) exp (_E)\l‘wks) _y/,l,

U1t has implicit solutions as shown in [33].



Orthogonal Features.

Theorem 6. Suppose Assumption 1 holds, and further assume that: ZZ’:I Ak, = 0forall k # j. Define

8 m 8 o,
Te=— ) AukYus Ckki=— D, A 37
m #Z:l H © m ; 1w,k
Then the trajectory of W (t) is given by:
W(t) = PD(t)PTW(0), (38)

where D(t) = diag(di(t),...,d,(t)) is a diagonal matrix with di(t) = \/zx(t)/21(0) if 2, (0) # 0 and di(t) = 0
otherwise. The exact solution for zy(t) is:

rkzk(O)
C’kkzk(()) + (T’k - C’kkzk(O)) exp(—rkt)

zi(t) = (39)

ifry #0and z,(t) = #% otherwise.

Isotropic Samples. The previous solutions rely on the commutativity assumption (Assumption 1). In this section, we
explore a different solvable regime where the data matrices do not commute, but instead satisfy an isotropic condition.

Assumption 2. Assume the dataset consists of m 2 p(p+1)/2 symmetric data matrices { A(z,,)}};", and their second
moment tensor satisfies:

1 X c

— > A () Api(xy) = = (0ikbj1 + 6dn) (40)
m 1 2

where ¢ > 0 is a constant, and ¢ is the Kronecker delta.

Theorem 7. Suppose Assumption 2 holds. LetY = % Y1 YuA(zy) € RPP. Then, the trajectory of M(t) =
W ()W (t)T has a closed-form solution:

M(t) = exp(YE)M(0) [I +8c¢®(t)M(0)] * exp(Yt), 41)
where I is the identity matrix, and ®(t) = fot exp(2Y7)dr. IfY is non-singular, ®(t) = Y ' (exp(2Y't) - I).
Furthermore, if the initial state M (0) and Y are simultaneously diagonalizable, then, the eigenvalues of M (t),

denoted as zy(t), evolve according to

72£(0)
4czi(0) + (i — 4czx(0)) exp(-2xt)

2 (t) = (42)

if vi # 0 and 2z (t) = #(S()o)t otherwise, where ~yy, is the k-th eigenvalue of Y.

In Appendix B.7 we futher propose a general solution which unifies Theorem 6 and the simultaneously diagonal-
izable case of Theorem 7, as well as the exact solutions of linear networks in [62].

Neural Tangent Kernel and Feature Learning. While the main focus of our work is sudden learning at a small
initialization, the NQF models can also be used to study lazy training and feature learning. We discuss this point in
Appendix B.6.

6 Sudden Learning and Neural Scaling Laws

When learning of single features or data points is step-function-like, they can be naturally composed to give an arbitrary
learning curve (as long as it is monotonically decreasing). For example, in this section, we show that when the
data correlations follow a power-law structure, the learning curves naturally become power laws with predictable
exponents. This leads to a precise prediction of the exponents of neural scaling laws. In this section, we only provide
an informal statement. Please refer to Appendix A.17 for formal statements and the proofs.
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Feature-wise Descent Under the conditions of Theorem 6 (or Theorem 7 with M (0) and Y simultaneously diago-
nalizable), define (; = r; (in Theorem 6) or (i = v (in Theorem 7), which can be understood as the effective growth
rate for the feature z;. As the initialization scale ¢ — 0, the characteristic time for z; to be activated is
1.1
tp ~—In-. (43)
G €
Consequently, the gaps between different feature activations diverge in the limit of small initialization, which exhibits
saddle-to-saddle dynamics:
lim [t — ] = oo (44)

if G # Cp.
2 2
Moreover, define Vj, := CT—’“ (under Theorem 6) or Vj, := %’“ (under Theorem 7), which can be understood as the
effective target strength. Assume that (;, and V}, exhibit the following power-law decays:

Cr o< k7, Vi o k70 (45)

Then, under the infinite-width limit p — oo and the small initialization limit € — 0, the limiting excess loss has a
power-law decay

£(r) - @(T‘ é?). (46)

Sample-wise Descent Under the conditions of Theorem 5, suppose ¢, := % maxy, A, kY, > 0, which can be under-
stood as the effective growth rate of the u-th sample. When the initialization scale € — 0, the empirical MSE converges
to a saddle-to-saddle trajectory
1 m
lim L{71 — I 47
ei%1+ (TH) mz:: (’7'< 47)
where I(-) denotes the indicator function and 7 CL

Moreover, suppose that the ¢, and y,, exhlblt the following power-law decay:
Quoc ™,y o™ (48)

for 41 > 1/2 and 75 > 0. Then under the infinite sample limit m — oo and the small initialization limit ¢ — 0, the
limiting MSE follows a power-law decay:

L(r)-0 (T ) . (49)

The dynamics in Theorem 4 can be viewed as being mathematically equivalent to the solution in Theorem 5
restricted to m = 1, and thus there is only one plateau.

7 Experiments

All the experiments in this section are described in Appendix C. The code that reproduces every figure is available at
https://github.com/xu-yz19/Neural-Quadratic—-Forms.

NQF approximation To empirically validate the NQF approximation (Theorem 1), we train a two-layer MLP
(Proposition 1), a single-layer CNN (Proposition 6), a query-key-only attention head (Proposition 3) and a multi-head
attention model (Proposition 2) in Figure 2 with different optimizers (gradient descent, Polyak momentum 5 = 0.9,
and Adam). All models use Gaussian initialization with scale o. The input is chosen to be Gaussian, and the label
is generated by a low-rank NQF. The NQF tracks the original almost exactly across every architecture and optimizer.
At large initialization, the NQF visibly departs from the original, showing that the NQF approximation is only valid
in the small-initialization regime. In Appendix C, we further provide additional experiments concerning the NQF
approximation for the teacher-student setting and real datasets.
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Figure 2: NQF approximation across initialization, optimizer, and architecture. Two initialization scales are
juxtaposed—small init (o = 0.01, left) and large init (c = 0.2, right). Within each block, rows are optimizers and
columns are architectures. Each module is trained together with its NQF approximation on an NQF teacher with
singular values s = (1, %, i, %) Curves show the recovered k-th singular value 55 () /sy versus training step; colored
solid = original module, black dashed = NQF.

Feature-wise saddle-to-saddle dynamics To validate the feature-wise descent in Section 6, we choose { A(x,) }jiLq
to be diagonal matrices satisfying the condition of Theorem 6 and train the model using full-batch GD from a small
initialization. As shown in Figure 3, the numerical trajectories match the predictions of Theorem 6. Furthermore, the
excess loss exhibits sequential plateaus at the predicted characteristic timescales ¢;.. On the right side of Figure 3, we
further choose m = 1000, ry, V} to follow power laws and confirm that the slope predicted by Section 6 matches the
curve obtained by GD.

Sample-wise saddle-to-saddle dynamics To validate the sample-wise descent in Section 6, we construct a synthetic
dataset consisting of m mutually orthogonal data matrices. The student model is trained via full-batch GD from a small
initialization scale. As illustrated in Figure 4, the numerical trajectories obtained via GD match the analytical curves
in Theorem 5. Specifically, the left panel shows that the MSE for each individual sample remains stagnant at its initial
plateau before undergoing a sudden, sharp decay toward zero near ¢;,. Consequently, as shown in the right panel, the
total MSE loss transitions through m sequential plateaus.

Power law on MLP We consider a Fourier MLP

.,
f(x) = % S W, tanh(skarte(x)), (50)

k=1

where the trainable parameters are wy, = [a, W]". Here, ¢, (x) represents orthonormal Fourier features ¢y (z) =
/2 cos(27kz) sampled on a uniform 1D grid x, € {0,1/M,...,(M - 1)/M}. To induce the power-law structures
required by Section 6, we choose s = k= and construct a target function y(z) = Y, bpthr () with decaying
coefficients b, = k7. In Appendix C we will show that the NQF of this Fourier MLP satisfies the conditions in
Section 6 (feature-wise descent).

We train the model using full-batch GD. We use the Gaussian initialization with a small scale. We compare this
architecture against two baselines: (1) its NQF approximation (Proposition 1); and (2) a standard MLP trained on the
raw input x. The results are shown in Figure 5, which shows an empirical power-law loss and matches the prediction
in Section 6. Meanwhile, the MLP trained on the raw input does not exhibit a power-law loss, which demonstrates
the necessity of the structure required by Section 6 to attain the power laws. The small systematic steepening of the
empirical power law relative to theory is the finite-initialization effect of Appendix C, which vanishes as € — 0.
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Figure 3: Sudden learning in a solvable NQF, the phenomenon the theory of this paper is built to explain. The experi-
ment is under the feature-wise descent setting of Section 6. Solid lines represent the theory in Theorem 6 and markers

represent the results obtained by GD. Vertical dashed lines mark the characteristic timescales ¢}, = % In ( CZ‘;G ) where
each feature reaches half-saturation. Left: Evolution of the eigenvalues of WW . Middle: The excess MSE loss over
time, which exhibits sequential plateaus. Each sharp drop in the loss aligns with ¢;. Right: Under the feature-wise
descent setting of Section 6, the blue dashed line indicates the theoretical slope and confirms that our predicted slope

matches the loss trajectory before the finite-size cutoff.

8 Related Works

Quadratic and factorized model classes. Quadratic parameterizations have long served as solvable proxies for
nonconvex learning, which includes low-rank matrix factorization [33, 5], phase retrieval [18], diagonal linear net-
works [12], quadratic networks [48, 23], and so on. These models have been used to explain implicit low-rank bias,
spectral initialization, and feature learning. A recent work [53] suggests that quadratic models can even accurately
approximate LLMs. NQFs differ from these model-specific analyses by deriving the quadratic features A(x) from the
architecture: matrix sensing, diagonal networks, MLPs, CNNs, attention heads, and MoE branches become instances
of the same local normal form.

Learning dynamics and feature learning. Exact analyses of deep linear networks show rapid transitions between
mode-wise plateaus under gradient descent [62]. The neural tangent kernel and lazy-training literature describe the
opposite regime, in which a network is well approximated by its linearization around initialization and training is
governed by a nearly fixed kernel [38, 22]. Feature-learning work has emphasized that realistic networks change their
representation during training [61, 10]. NQFs sit between these perspectives: the model is still a local expansion
near small initialization, but the retained quadratic term makes the kernel and representation evolve through the finite-
dimensional order parameter M, giving closed nonlinear dynamics for feature growth and competition.

Sudden learning and scaling laws. Empirical neural scaling laws show that loss often follows power laws in data,
model size, or compute [39]. Several theoretical works explain such laws through spectral structure: high-eigenvalue
modes are learned earlier, and power-law eigenspectra or task-model alignments induce power-law learning curves
[15, 17, 49, 7, 23]. Sudden learning has also been formalized in SGD analyses where target structure is acquired
sequentially through saddle-to-saddle transitions [1]. The NQF perspective connects these two viewpoints: individual
features or samples undergo sharp activation events at initialization-dependent times, while a power-law distribution of
feature alignments, variances, or sample difficulties aggregates these transitions into a smooth scaling law [54, 56, 11].

9 Discussion

We have derived a normal form for the training of a smooth nonlinear neural networks from one structural assumption:
that the repeated components of a layer are exchangeable. This property is present in essentially every architecture that
has a notion of width. Within that scope, the resulting neural quadratic form is architecture independent, and what dis-
tinguishes one architecture from another is the sparsity pattern and the strength of its structure matrix A. The learning
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Figure 4: The experiment is under the setting of the sample-wise descent in Section 6. Solid lines represent the theory
of Theorem 5 obtained by numerically solving Eq. (36), and markers represent the empirical results obtained by full-
batch GD. Vertical dashed lines mark the characteristic timescales ¢, = C;l In (1/€) according to (47). Left: Evolution
of the per-sample loss A, (t)? = (Te[WW T A(z,)] -y, )?, showing independent and sequential convergence. Right:
The total empirical MSE loss over time, which exhibits m sequential plateaus. Each discrete drop in the total loss
matches the respective timescale ¢,.
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Figure 5: Curves show the normalized MSE L(t)/L£(0); dotted lines are the slopes predicted in Section 6. Left: For
6 = 1, the Fourier MLP (blue) descends as the predicted power law t~(28-D/(0+5) (see Appendix C) and is tracked
by its NQF approximation (black); a standard tanh MLP trained on the raw input = (red), which does not exhibit the
power law. Right: The power-law exponent of the Fourier MLP (solid lines) matches the theory (dashed lines) for
6€{0,0.5,1}.

dynamics of any NQF close on the finite-dimensional order parameters M and p, they reduce in solvable regimes to
generalized Lotka—Volterra flows, and they generate saddle-to-saddle transitions whose composition produces neural
scaling laws with predictable exponents.

Read as a Landau construction, the calculation says something specific about universality in deep learning. The
dictionary is worth setting down carefully, because two of its entries are not the ones a first reading suggests. The
symmetry group is Sy; the expansion is truncated at the lowest symmetry-allowed nonconstant order; and the archi-
tecture enters only through the coupling A(x), in the same way that microscopic detail enters a Landau functional
only through phenomenological coefficients. That much is the standard construction, and it is what makes universality
across architectures the expected outcome.

The remaining two entries need more care. The first is the order parameter: M = WWT. It is Sg-invariant by
construction, and invariant as well under the larger redundancy W — WO, O € O(d), that the quadratic form does
not see; it therefore does not transform in a nontrivial representation of the symmetry group, as the order parameter
of a textbook Landau construction does. What it shares with the Edwards—Anderson overlap of spin-glass theory, and
with the overlaps w, w; that serve as the order parameters of online learning in committee machines [25, 63], is that it
is an invariant which nonetheless vanishes in one phase and not in the other: zj, = 0 is the unlearned state and 2z > 0
the learned one. The symmetry broken at ignition is the freedom of W itself, which the flow on M has quotiented out,
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and M is the invariant that registers the breaking.

The second is the control parameter e, which is not the small parameter of the expansion. The initialization scale
€ does not decide whether a feature is learned, since every mode with r; > 0 will be learned at every € > 0; what
tunes the transition is 7, or 1, — 7y once weight decay is included, whose sign decides the stability of 2z, = 0 in the
way that a reduced temperature decides the stability of the disordered state — a point we will explore in a future work.
What e controls instead is the sharpness of the crossover, and its natural counterpart is system size: the gaps between
successive ignitions grow as In(1/¢) while the transitions themselves do not, so In(1/¢) plays the role of N, and € - 0
is the analogue of the thermodynamic limit. Sudden learning is then the ignition of individual modes of M, and the
€ — 0 limit is a genuine singular limit in which a smooth flow acquires sharp transitions; they are sharp for the same
reason that a phase transition is sharp only in an infinite system.

Limitations. Being a minimal model of training, the model certainly has many limitations, which are worth stating

plainly.

1. Small initialization. The NQF is the leading nonconstant term of a local expansion, and it is accurate only
when the initialization scale is small compared with the feature length scale set by the data. Figure 2 shows the
approximation failing at large initialization, which is the behavior the theory predicts for itself. Appendix B.6
partially relaxes this by treating the lazy and feature-learning regimes within the same framework.

2. Smoothness. Theorem 1 assumes three-times differentiability. Rectified activations at the origin, bias terms,
normalization layers, and modules that apply a nonlinearity after aggregating their components each violate one of
these and require additional treatment.

3. Other plateaus. Our experiments show plateaus that the NQF does not account for, which we attribute to cubic
and higher terms. Extending to neural cubic and quartic forms (Appendix B.1) is the natural next step, as is a
systematic treatment of multilayer NQFs, begun in Appendix B.4.

4. Power-law spectra are an assumption, not a prediction. Deriving A(x) from the architecture fixes the operator
whose spectrum controls the scaling exponent. It does not, however, predict that the spectrum has a power-law
tail. That tail is a hypothesis of the scaling theorem of Section 6, and our Fourier-feature experiment constructs it
deliberately. Whether it arises generically, for realistic data and architectures, is the question that would have to be
settled in future works.

5. Adaptive optimizers. The linear-update corollary of Appendix B.3 covers gradient descent, weight decay, and
Polyak momentum, but not Adam, which is nonetheless tracked accurately by the NQF in our experiments (Fig-
ure 2).

Outlook. The correspondences to physics suggest that the technical machinery developed for interacting popula-
tions, hydrodynamic instabilities, and polymer flow can be brought to bear on learning dynamics, and conversely that
trained networks provide an unusually well-instrumented laboratory for these classical models: every mode ampli-
tude is directly observable, the coupling matrix is known exactly, and the control parameter can be tuned over many
decades. Whether the mapping survives beyond quadratic order, and whether the ecological picture of competition
between features predicts anything about generalization rather than optimization, are the questions we regard as most
worth pursuing.
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Table 2: Notation used throughout the paper. “Defined” gives the section or equation in which the symbol is intro-
duced.

Symbol Meaning Space Defined
Architecture and the normal form

d width: number of exchangeable components N Section 2
D parameter dimension of one component N Section 2
w; the ¢-th component (“neuron’) RP Section 2
%% all components, W = (w1, ..., wq) RP*d Section 2
fa(W) module output on input x R Section 2
Sa symmetric group acting on the d components — Definition 1
A(x) structure matrix RP*P sym. Eq. (2)
B(z), g(x) extra couplings when ZGZ is dropped RP*P RP  Eq. (20)
C(x) off-diagonal block of A in a feedforward module Rrxd2 Section 3
€ initialization scale (small parameter of the expansion) R, Section 6
Order parameters and dynamics

M order parameter WWT, positive semidefinite RP>P Eq. (28)
o first-moment order parameter }.; w; RP Section 4
H residual-weighted structure operator % Y ALA(x,)  RPP Eq. (27)
n learning rate R.o Thm. 2

y weight-decay strength Rso Section 4
ky dimension of the joint data subspace N Thm. 3
K(z,2") empirical neural tangent kernel R App. B.6
Data and spectra

m number of training samples N Section 5
Tys Yu pi-th input and target — Section 5
AW residual Tr[MA(z,)] - yu R Section 5
L sample-averaged MSE loss R0 Section 5
L unnormalized squared error 3, Ai R0 Section 6
& excess loss L(t) — L(o0) Rso Section 6
P, A, common eigenbasis and eigenvalue matrix of A(z,) RP*? Asm. 1
Ak k-th eigenvalue of A(z,,) R Asm. 1
2k k-th feature, the k-th eigenvalue of M Rso Section 5
T growth rate of feature k R Eq. (37)
Chj feature interaction matrix RP*P Eq. (37)
Y, v % >, YpA(z,,) and its k-th eigenvalue RPP R Thm. 7

c isotropy constant of the data second moment R.o Asm. 2
Sudden learning and scaling laws

Ck effective growth rate (7, or -y, if isotropic) R.p Section 6
a 1 under Thm. 6, 2 under Thm. 7 {1,2} Eq. (43)
Vi effective target strength of feature %k Rso Section 6
t ignition time of feature k R.o Eq. (43)
T rescaled time ¢/1n(1/e) R0 Section 6
a1, Q9 decay exponents of V. and (, R.o Section 6
Y1, Y2 decay exponents of y,, and ¢, R.o Section 6
Bo decay exponent of the initialization profile R App. A.17
8 decay exponent of the target coefficients by, R Section 7
0 spectral exponent of the Fourier features R Section 7
Qloff effective exponent at finite € R App. C
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Table 3: Complete list of models that are special cases of the neural quadratic form, together with their structure matrices A(x).
A six-row excerpt appears as Table 1 in the main text. Two conventions vary across the rows. The neurons are the columns of W
in most entries, so that M = WWT; in the tied query—key and linear SSL rows they are the rows of W, so that M = W' W.

Model NQF notation Structure matrix A(z) Refs.
PSD matrix sensing / Ja = (Sa, WWT) Aq =8Sym(Sq);if Sq = S;, Aq = Sa. [66, 33, 72]
PSD factorization
0 S
Rectangular matrix sensing/  gq = (Sa,UV") =Tr(U" S, V) Ag = % [ . a:| [33,5,72]
matrix factorization Sa 0
. . ~ T 1 0 €4 el
Matrix completion / Rij = u; Uj A” =3 [41, 30]
recommender entry €i¢; 0
. T 1 0 €w eg
‘Word-context embedding Swe = Uy, Ve Awpe = 5 . [55, 31]
score €cCy 0
Quadratic network fw(z) = ¥ (wliz)? Ay =2z (61,76, 23]
Phase retrieval Ja=a WWT'a Ag =aa [18, 47]
Diagonal linear network, fo(u) = g zpul /4 Ay = 1Diag(x) [12, 59]
square parametrization
. . e 1 0 Diag(x)
Diagonal linear network, fz(u,v) = u"Diag(z)v Ay ==|__. [27, 59]
two-factor signed form Diag(z) 0
4 0 x
Two-layer MLP fo(W) = T, v (ulz) Az) = 20 [ ;:’“ 0] [29, 61]
/ 0 B
Single-layer CNN fa(W) = A(X) = 40 [ o Zp-1 x”] (42,24, 19]
Ly v £F, okl zp) Zp=1%p O
’ 0 G(x)"
Mixture of Experts (MoE) fo(W) = A(z) = ¥ 50) [G . * (()z) ] with [64, 57]
S Y (] 2) B(x;0;) (2)e
G(z):=Ve,E(x;0)
0 O 0 0
Multi-head attention (MHA) ~ f(W) =L, oTWY X ... AX)=1 00 0 0 [67]
‘ =1 2o o 0 Tavg ® Ig,
0 0 al,®Il4 0
0 Tl
Query-key-only attention fo =%, "X - softmax(...) A(X) = . T ® Ly , [6, 58, 50]
uzr' @ Ig, 0
where u = X xc.
. . 1 ied _ 1
Tied query-key attention \/TTCUT WTWx A‘;X’C =5/ (zu” +uz™) [58,13]
0 ]
Bilinear sequence regression  z] Bz, with B=UVT Asyt = % [ . xégct ] [65, 33, 26]
TT L
Linear SSL augmentation [WA|? =Te(WTWAAT) Ap = AAT, withA=z-x [68,9, 78]

A.2 List of NQF Examples

Table 3 gives the full list of models that reduce to the neural quadratic form, extending Table 1.

A.3 Proof of Theorem 1

Because f, is three times continuously differentiable, we can write its multi-variable Taylor expansion around the
origin W = (0,...,0):

1 d d
fo(W) = f2(0) + Z(Vw F2(0)) wi+ 5 > > wi Hijw; + O(|[W?), (51)
i=175=1
where H;; = agz_gfu _ € RP*P represents the blocks of the Hessian matrix.
0w,

W=0
By the ZGZ condition, we know that
Vw,; fz (0) =0 forallzs. (52)
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Thus, the first-order term Y (V.,, f.(0))Tw; vanishes.
Consider the off-diagonal Hessian blocks H;; where ¢ # j. By definition:

0
Hij = Py (vwaz(W)) . (53)
ow; Weo

By the assumption that V,,, f = 0 as long as w; = 0 irrespective of w;, taking the derivative with respect to w; yields
H;;=0 foralli#j. (54)

The cross-terms in the second-order expansion are eliminated.
We are now left with only the diagonal terms of the second-order expansion:

1 d
=N w] Hyw; + O(|[W %) (55)

fx(W) = fac(o) + 2 &

By the Permutation Symmetry condition, all neurons are interchangeable. This implies that the curvature of the
function with respect to any single neuron %, evaluated at the symmetric origin W = 0, must be identical for all
neurons. Therefore:

Hy1 = Hyp == Hgyq. (56)

Let us define a new matrix A(x) = %Hn Substituting this into our expansion yields:
d 5 d 5
fo(W) = £2(0) + 3° wi A(z)w; + O(|W|[?) = f.(0) + Y Tr[wiw] A(z)]+ O(|[W ). (57
io1 i=1
This finishes the proof.

A.4 Proof of Proposition 1

We verify Theorem 1’s prerequisites sequentially.
1. Smoothness: Since the activation function ¢ € C3, f,, is at least three times continuously differentiable.

2. Permutation Symmetry: Let o be an arbitrary permutation of the indices {1, ...,d}.
d d
fe(Wo(1ys - s Wo(a)) = Z%(i@(ul(i)x) =Y vid(ujx) = fo(wi, ... ,wq). (58)
i=1 i=1

3. ZGZ: The gradient with respect to the combined neuron parameter w; consists of
Vo, fo = 00" (u]2)x, Vo, fr = ¢(u] ). (59)
Setting u; = w; =0 gives
Vailely o0 =080z =0, Vo ful, o, =0(0)=0. (60)

Therefore, the two-layer MLP satisfies all assumptions in Theorem 1.
Finally let us compute A(z) = %Hi,-, where H;; = V?Ui fgc|w:0 is the Hessian matrix with respect to the i-th

neuron’s parameters w; = [u, ,v;]". The Hessian H;; can be written as:

e vii ff vui vw fr
H;; = VoV, fa Vgi [z (61)
) u;=0,v;=0
Top-left block (V3 fz):
Vi (Vi fz) = Vu, (0i¢ (0] 2)2) = 00" (ujx)za’ (62)

Evaluating at w; = 0 (which sets v; = 0), this term vanishes: Vii fz| 0= Okx.
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Bottom-right block (V%i fz):

vUz‘(v'UifI) = Vv1(¢(u233)) =0 (63)
Oft-diagonal blocks (V,, V4, fz): Taking the derivative of V,,, f, with respect to v;:
Vo, (vid' (uj2)x) = ¢'(u]x)x (64)

Evaluating at w; = 0 (which sets u; = 0), we obtain ¢'(0)x. By the symmetry of second derivatives, the top-right
block is its transpose ¢’ (0)x".
Assembling the blocks yields the Hessian evaluated at the origin:

| Ok 9'(0)x
Hi' = |:¢/(0)1,T 0 :|7 (65)

which finishes the proof.

A.5 Proof of Proposition 2

1. Smoothness: The softmax function is infinitely differentiable everywhere in its domain. Thus, f, is C**°.

2. Permutation Symmetry: Let o be an arbitrary permutation of the head indices {1, ...,d}.
d d
fw(’wg(l), ey wg(d)) = Z Headg(i)(x, X) = Z Headi(x, X) = fgc(wh ey wd) (66)
i=1 i=1

3. ZGZ: Let A; € RY denote the softmax attention weights. Evaluating the gradients at w; = 0 implies v; = 0,
WY =0, W® =0, and WK = 0:
Vo, fx|wi:0 -wY XAZ»|W’_V:O =0 (67)
Vv faly o= iATXT], =0 (68)
For the query and key matrices, the gradients involve the derivative of the softmax function, which we denote as a
Jacobian matrix J4,. By the chain rule:

Vipefo = (odag ) x (WY X), Viprc fo = (o Jag o) x (o] W X)), (69)

Because evaluating at v; = Wiv =0, (vZ.TWiVX ) becomes zero. Consequently, regardless of the Jacobian of the
softmax, the overall gradients for the query and key matrices vanish:

Viwefolyo=0, Vwxfal, =0 (70)

We conclude that V,, f2|w,=0 = 0. All assumptions in Theorem 1 are satisfied.
Finally let us compute A(X) = %Hii, where H;; = V2, fw|w‘=0. The output of the i-th head is:

XT(WEYTWE
hi(w;) = v W, X - softmax ((1)laj (71)
Vg
. XT(WEY Wl N . . .
Let the pre-softmax logits be L(w;) = ——— ¢ R™. Notice that L(w;) is a homogeneous polynomial of
degree 2 with respect to w;. The Taylor expansion of the softmax function around L = 0 is:
1 1
softmax(L) = NlN +Js(0)L +O(|L|?) = NlN +O(Jlw;|?) (72)
Now, substitute this back into the head formulation h;(w; ), we get:
1 1
() = o] WY X (L + Owil?)) = T WY X1 + O(Jun]). 73)

: : TV (1 _ TV _ 1
The only second-order term in the expansion comes from v; W; (ﬁX 1 N) = v, Wy Tq0g, where 24,4 = NX 1nx. To
express this as a bilinear quadratic form w] A(X )w;, we can vectorize the term as:

VWY Tang = v] vec(Ia, WY Tavg) = v] (2], ® Iy, )vec(W}) (74)

avg

Placing this in the 4 x 4 block matrix corresponding to @, K, V, v yields the required matrix A(X) and finishes the
proof.
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A.6 Proof of Proposition 3

Similarly to Proposition 2, smoothness and permutation symmetry are naturally satisfied.
Let L = ﬁX T(WE) W&z ¢ RN, Evaluating the gradient with respect to W at the origin:

oL
Viwe fol o (,)W—Q|WZK=0 =0 (75)
By symmetry, Vyy x fz|w:0 = (. Then the ZGZ condition holds.
We compute the second-order term of the Taylor expansion of the i-th head around w; = 0. The expansion of the
softmax function around L = 0 is:

softmax(L) = %1N +Js(0)L+O(|L*), (76)

where Jg(0) = %I N = ﬁl N1} € RM*N is the Jacobian of the softmax function at the origin. Substituting L, the
head’s output becomes:

1 XT(WE)Y Wl
hi(w;) =" X =1y + " X Jg(0) ———L—" 4+ O(|wy|* 77
(w) =" X Ly + T X5 (0) =2 () @)
The first term is a constant term. The second-order term is:
1
By = ——c X Js(0) X (W)Wl (78)

Vdy,

Notice that the term X Js(0) X T inside the expression is the sample covariance matrix:

XJg(0)XT = %XXT - (%XlN) (%QXT) =Yy (79)

Define u = X xc € RP. We can rewrite the scalar E5 as:

1
Ey= ——u" (WS Wl (80)
Vg

Using the Kronecker product property vec(ABC') = (CT ® A)vec(B), we rewrite Es:

1 1
By = ——(WKu) T (W&z) = ——=vec(WS) (uz™ ® I, Jvec(W2) (81)
Vi Vdy, g
Thus:
1 0 xu’ @ I,

which finishes the proof.

A.7 Proof of Proposition 4

Smoothness: The function is C'* as it is a composition of linear transformations and the softmax function.
dg K( Q
w,

Permutation Symmetry: Notice that the pre-softmax projection depends on the product (W)W = 3 i w; (w;
Any permutation o of the neuron indices {1, ..., dj } leaves the matrix product unchanged. Thus the model is invariant
to the permutation of its hidden projection dimensions.

ZGZ: As derived in the last section, the relevant part of the model is:

dy,
B(W) - ﬁwwﬂw% - % > (' wf) e (83)
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where u = ¥ xc. Taking the gradient with respect to the components of the i-th neuron w; = [wZQ ,wiT
Vo fo o< (uTw )z (84)
Vi fo o (7w Ju (85)

Evaluating these gradients at w; = 0 yields zero vectors regardless of the states of w; (j # 7). The ZGZ condition
holds.
Deriving A(X): We focus on the second-order term for the i-th neuron:

1 T, K T,..Q 1 KN\T, T. Q
— (v w; )z w?) = —=(w;") uzr w, 86
\/@( 7 )( i ) \/@( 7 ) 1 ( )
We need to express this in the quadratic form w; A(X )w;, Which gives:
1 0 azu'
A(X) = NG [uxT 0 ] (87)

and finishes the proof.

A.8 Proof of Proposition 5

Smoothness: Assuming 1 and E are at least three times continuously differentiable, their product and sum ensure that
the model f, is C® with respect to .

Permutation Symmetry: Let o be an arbitrary permutation of the expert indices {1, ...,d}. Evaluating the model
with permuted parameters yields:

d d
Je(Wo(1ys -+ Wo(a)) = Z zb(r;(i)x)E(z; Ou(i)) = Z Y(r[2)E(z;0;) = fo(wi,...,wa). (88)
i=1 i=1

ZGZ: We evaluate the partial gradients with respect to the components of w; at w; = 0 (which implies ; = 0 and
©; = 0). Taking the partial derivative with respect to r; yields:

Vo fo =0 (r] ) E(2;0;)x (89)

Since E(x;0) = 0, we obtain:
v'f‘qj fm

=U(0)-0-2=0 (90)

w;=

Taking the partial derivative with respect to ©; gives:
Vo, fr =0(rlz)Ve, E(x;0;) 91)

Since ¢(0) = 0, we have:

v@ifz

0=¢(0)V(—)lE(l',Qz)ZOV@lE(IE,GZ):O (92)

wi=

Thus, the ZGZ condition holds.
The computation of A(x) is similar to that in Proposition 1.

A.9 Proof of Proposition 6

The proof is identical to that of Proposition 1.
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A.10 Proof of Theorem 2

Let us concatenate the weight vectors w; € RP into W = [wy,ws, ..., wq] € RP*4 Let 1 € RY be the vector of all
ones. With this notation, we can rewrite the summary statistics as p = Z;ﬂl w; = Wland M = Zle wszT =WWwT.
Accordingly, the NQF formulation (20) can be rewritten as:

Fo(W) = £2(0) + g(2) " W1+ 1"WT B(2)W1+ Te[WTA(z)W]. (93)

Taking the derivative of f, (W) with respect to W, we have: Vy (g(z)"W1) = g(z)17, Viw(1"WTB(z)W1) =
2B(x)W11"T =2B(x)pl" and Vi Te[WTA(2)W] = 2A(2)W. Summing these terms yields the gradient:

Vw fo(W) = (9(2) + 2B(z)p)1" + 24 (z)W. 94)
By the chain rule, the gradient of the loss £ with respect to W over a mini-batch B is:

VwL=> lVwfe(W). (CR)
zeB

Substituting (94) and using the definitions of v and H:

Viwl=vl"+HW. (96)
Under SGD, the weight matrix is updated as:
AW = -nVwL =-n(vl" + HW;). 97)
We obtain the dynamics for p:
Ap=AW1=-n(vl"1+HW;1) = -n(d-v+ Hp). (98)
The update AM is computed as:
AM =W+ AW)YW + AW)T - WWT =WAWT + AWWT + AWAWT. (99)

We evaluate these three components separately: AWWT = —n(vl" + HW)WT = —p(vp” + HM). WAWT =
(AWWT)T = —p(uv"™ + M H) since H is symmetric. For the second-order term:

AWAWT =p*(v1" + HW) (10" + WTH) =n*(d-vv" +vp"H + Hpw" + HMH). (100)
Summing all three components, we establish:
AM = —n(vp" +po" + HM + MH) +n*(d-vo" +vp] H+ Hpo" + HMH). (101)

Therefore, if two NQFs satisfy M,(0) = M;(0) and u(0) = up(0) at initialization, we have M, (t) = My(t) and
1a (t) = pp(t). This completes the proof.

A.11 Proof of Theorem 3
Let us define the subspace V ¢ RP spanned by the data and g(z), A(x), B(x):

V = span Li({g(x)} U Col(A(z)) UCol(B(x))). (102)

Let ky = dim(V) < p, and let V' € RP** be a matrix whose columns form an orthonormal basis for V, where
we recall that p := dimw;. By definition, for any z, we have VVg(x) = g(z), VVTA(2)VVT = A(z), and
VVTB(z)VVT = B(z).

Thus, to match the initial outputs and dynamics, we construct the smaller model within V such that its projected
statistics match the original model:

i(0) = VVTu(0), M(0) = gvaM(O)VVT. (103)
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We construct each weight vector of the smaller model as w} = V' (%VT,u(O) +u;), where ug,...,uy € R?
satisfies:

d d d 1
Su=0, and Sual-l (VTM(O)V - QVT,J(O)#(O)TV) = Oy, (104)
=1 i=1

which leads to (103). Cy € R¥** is inherently positive semi-definite (PSD) and can be factorized as Cyy = LL" for
some L € RF*F,

To find wq, ..., uq, consider the all-ones vector 1j,,.1 € R¥v*+1 Tts orthogonal complement is a ky-dimensional
subspace in RFv*1. Let the rows of a matrix Z € RFv*(**+1) form an orthonormal basis for this subspace, satisfying
Z1k+1—0andZZT Ikv

We can set U := [ug, ..., ugs1] == LZ. Tt follows that:

V
Z = Ulpey =LZ14, 1 =0, and UU' =LZZ'L" = LI, L = Cy. (105)

Thus, d’ = ky + 1 neurons are sufficient to match the effective initial statistics.
Assume that at any step ¢, the statistics of the smaller model remain within the subspace  and match the projected
original statistics:

_ ~ d
fe = VV e, My = EVVTMtVVT (106)
Due to the subspace definitions (e.g., VV T g(z) = g(x)), the output of the smaller model is:
= f(0) + g(@) fir + if B(x) 1y + Tr[ My A(w)]
!

= f2(0) +g(2)"VV Ty + u); VVTB(2)VV g + Tr [(;{VVTMtVVT) (CCZZA(x))]
= f2(0) + () e + py B(z) e + Te[ M A()]
= fa (107)

Thus, as long as the statistics maintain this proportional relationship, the outputs are identical. This satisfies the
equivalence at initialization (¢ = 0).

Because f, = f., the loss derivative with respect to the output is identical: 6’ = ¢'.. According to Theorem 2, the
gradient variables for the smaller model evaluate to:

0= ZE'( 9:)+23(x)ut) =Y 0 (g9(x) +2B(2)pe) = v, (108)
zeB zeB

H = > 20" A(z) = Z 200 A(x) ¢ (109)
xzeB m&B

where we use B(x)fi; = B(z)VV s = B(x)us because B(z)VVT = B(x) by definition of V. since v is a linear
combination of g(«) and the columns of B(x), we have v = VV Tv. Similarly, the symmetric matrix H is formed by
A(z), meaning H =VVTHVVT.
Applying Theorem 2 to the smaller model, we compute the update Afi:
Ay = =ii(d' -5 + Hfiy)
d U T d, T T T

==\z" d-VV'e+ EVV HVV'IVV

=-nVVT(d-v+Hpu)=VVT Ap. (110)
For the second-moment statistic, we have:

AM,; = (0] + fud" + HMy + MyH) +7(d' - 90" +9fi; H + Hjy 0" + HMH). (111)

By using (106), the first-order term becomes:

d
(d, )VVT(% +pev" + HM, + My H)VVT.
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The second term becomes

d d
(E ) EVVT(d vv" +op H+ Hpp + HMH)VVT.
Summing these up, we obtain:
AM, = %VVTAMtVVT. (112)

Thus, at step ¢ + 1, we have fiz41 = fie + Afiz = VV g4 and My, = %VVTMtHVVT. By mathematical induction,
these projection relations hold for all training steps ¢ > 0, and we conclude that fg = f; holds throughout training.
This completes the proof.

A.12 Proof of Proposition 7

By (29) and M =—HM - MH, we have:

d -~

%M = _(ﬁii+gjj)Mij- (113)

Because H;; and H;; do not depend on the off-diagonal elements, it can be integrated directly to yield
~ - t -
iy (8) = 30 exp (= [ () + y5() dr ) (114)

A.13 Proof of Theorem 4

Recall that the residual for the u-th sample can be written as:

AL(t) =Te[W(EW () cpA] = yu = ¢, Te[ M (£)A] -y, (115)
and .
H(t) = % Z e, Tr[M(t)A] -y, )c, A= (aTr[M(t)A] - B)A, (116)
where we use o = % ZL" 1 cﬂ and = > /L 1 Yy According to (27), the gradient flow for W (t) is:
W(t) =—H(t)W(t) = - (aTe[M(t)A] - B) AW (t) (117)

To solve this equation, we introduce an auxiliary scalar variable £(¢) defined as the integrated effective residual:
t
- [ (aTe[M()A] - B) dr. (118)
0

By definition, £(0) = 0 and £(t) = oTr[ M (t)A] - 8. Projecting the parameter matrix into the shared eigenbasis by
defining W (¢) = PTW (), we can rewrite the dynamics of W (¢) as

W (t) = PTW(t) = —(t) PTAW (t) = —£() AW (2). (119)

Since A is a diagonal matrix, this system of differential equations is decoupled row-by-row. Integrating with respect
to time from O to ¢ yields the solution in the projected space:

W (t) = exp(=£(t)A)W(0). (120)
Multiplying by P on the left, we obtain the closed-form solution for W:
W (t) = Pexp(-£(t)A)PTW (0) (121)
Next, we evaluate M (t) = W (t)W (¢)" to close the system for £(¢). Projecting M (¢) into the eigenbasis yields:

M(t)=PTM(t)P =W (t)W ()" = exp(-£(t)A) M (0) exp(-£(£)A), (122)
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Since exp(-£(¢)A) is a diagonal matrix, the diagonal entries of M (t) decouple from the off-diagonal entries and
depend only on the diagonal elements of M (0). They evolve as:

2k (1) = M (t) = (exp(=€(£)A) M (0) exp(=£(t)A)), . = 2k(0) exp(=2Mi (1)) (123)
The trace term can then be simplified via Tr[ M (t)A] = Tr[M(t)A] = Y¥_1 Ajzj(t). Substituting the expression of
z;j(t) into the derivative of £(t) results in a self-contained ODE:
b

Z 525 (0) exp(=2);¢) - 8. (124)

Separating variables and integrating from 0 to £(t) leads to the implicit equation:

&(t) ds
t= . 125
fo a¥h Xz (0)exp(-2);s) - B (125)

This completes the proof.

A.14 Proof of Theorem 5
Recall that A, (t) = Tr[M (¢)A(z,)] - y,, and

m

H(t) = 3 A,L(t)AM) PT. (126)

SRS

i AL(t)A(zy,) = P(

4
mﬂl

To solve the dynamics W (t) = —H (t)W (t), we introduce a set of m independent auxiliary scalar variables, &,(t),
defined as the integrated effective residual for each sample:

£.(t) = fo " AL (r)dr (127

By definition, &,(0) = 0 and &,(t) = A, (t). Projecting the parameter matrix into the shared eigenbasis by defining
W (t) = PTW (t), the dynamics decouple into:

W (t) = —P"H(t)PW (1) ( Z £, (H)A )W(t). (128)

By defining the diagonal matrix X(¢) = % Ye1 §u(t) Ay, we can integrate this ODE to obtain
W (t) = exp(=2())W(0). (129)

Multiplying by P on the left yields the closed-form representation for W (t).
Next, we track the evolution of M (t) = W (¢)W (t)". Projecting M (¢) into the eigenbasis yields:

M(t) = PTM(t)P = exp(-X(t)) M (0) exp(-%(t)). (130)

Because X(¢) is a diagonal matrix, the diagonal entries of M (t) evolve independently of the off-diagonal elements.
The feature magnitudes evolve as:

Zk(t) Mkk(t) = Zk(O) exp( 2Ekk(t)) = Zk(O) exp (— Z gy(t))\l, k) (131)

Now we utilize the data orthogonality condition A(x,)A(z,) = 0. This implies A, A, = 0, meaning that for any
specific feature index £, at most one dataset matrix can have a non-zero eigenvalue. Therefore, if A, # 0 for a
specific sample y, then A\, j, = 0 for all v # p.
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This orthogonality decouples the sum in the exponent. When substituting 2;,(¢) back into the derivative of the
residual &, (t), we only need to consider the non-zero elements A\, j;:

§u(t) = Te[M(t)A, kZlAMzk(t) Yu- (132)

Applying the orthogonality property to the exponent of zx (), we get:

dg,

P
" kzl Az (0) exp( A kgﬂ(t)) (133)

Thus, the O(pd)-dimensional gradient flow reduces to m one-dimensional ODEs. Separating variables and integrating
from 0 to &,(¢) provides the implicit solution for each x independently:

qu) dS
b= f » 5 : (134)
0 Z:k:=1 )‘M,kzk(o) exp(—a)\mks)—yu

This completes the proof.

A.15 Proof of Theorem 6
We start with (32):

Zk(t) = zk(t) |:(8 i u kyu) - i (8 i Au)k)\u7j)zj(t)‘| . (135)
4 m =

3

m

Using the definitions of r;, and C}; = % Z;F

u,kA\u,j> the dynamics can be written as:

j=1

Zi(t) = 21 (t) (rk - Z Crjzj (t)) (136)

Applying the orthogonal features condition, we have Cy; = 0 for all £ # j. This condition decouples the feature
interactions. The ODE simplifies to the classic logistic equation:

Ze(t) = 21 (t) (1 — Crrzr()). (137)

We have zj(t) = 0 if z;(0) = 0. With the initial condition z;(0) > 0, integrating from 0 to ¢ yields the analytic

solution:
TEZk (0)

C’kkzk(()) + (Tk - C’kkzk(O)) exp(—’rkt)

ifrp #0. If g = 0, the solution is 2 (¢) = 2 (0)/(1 + Crr2k(0)t). ~
Finally, we reconstruct the parameter matrix W (¢). Recall that H(¢) = % Y1 Au(t)A, is a diagonal ma-

2(t) = (138)

trix for all ¢. Let X(¢) = fotf{(T)dT, which is also diagonal. The dynamics in the projected space is W (t) =
—H(t)W (t), yielding W (t) = exp(-())W (0). Since ¥(t) is diagonal, the k-th row of W (t) is scaled by the factor
exp(—Zkk(t)). We also know from the diagonal elements of M (¢) = W (¢)W (¢)7 that 2, (t) = 2;(0) exp(-2Xx(1)).
For any feature with z;(0) > 0, we have exp(-Xx(t)) = /2k(t)/2:(0). For a feature with z;(0) = 0, the
k-th row of W (0) is a zero vector, which ensures that the k-th row of W (t) remains zero for all ¢ > 0. Thus,
defining d(t) = \/2k(t)/2,(0) for z;(0) # 0 and di(t) = 0 otherwise consistently captures the row-wise scaling:
W (t) = D(t)W (0). Multiplying by P on the left, we arrive at the trajectory for TW:

W (t) = PD(t)PTW (0). (139)

This completes the proof.
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A.16 Proof of Theorem 7

Recall that the gradient flow of the parameters is W (t) = —H (t)W (t), where H(t) = -~ Zu 1AL (t)A(z,). By
expanding the residual A, (t) = Tr[M(t) A(x,)] - y, and isolating the label-dependent term Y, we have:

H(t) = 42 TrM(t)A(:vH)]A(xH) Y. (140)

We evaluate the first term element-wise:

(4 > ;MM@A(%)JA(%)) Ay (; 5 Ao Amm))Mm(t). (141)

ij k=11=1 p=1

Applying Assumption 2, this expression simplifies to:
P

where we utilized M (t) = M (t)". Thus, we have H (t) = 4cM(t)-Y. Substituting H(t) into M (t) = —H (t) M (t) -
M ((t)H (t), we obtain a matrix Riccati differential equation [2]:

Lkéjl + 5il5jk)Mkl(t) = 20 (Mtj(t) + M]L(t)) = 4CMij(t)7 (142)

w\n

M=—(4eM -Y)M - M(4cM -Y) =Y M + MY - 8cM?. (143)

To solve this non-linear matrix equation, we introduce M (t) = V (t)U(t)~, where V(0) = M(0) and U(0) = I
Differentiating this expression yields:

M=vU'-vUul'vut=vUu'-MUU . (144)

By matching the terms with the Riccati equation M = YVU ™! = M (=Y U +8cV)U}, the dynamics decouple into a
system of two linear ordinary differential equations:

V=YV, (145)
U=-YU +8cV. (146)

The solution to (145) is given by V(t) = exp(Yt)M (0). Substituting V' (¢) into (146) gives:
U+YU =8cexp(Yt)M(0). (147)

Multiplying both sides by the integrating factor exp(Y't) leads to % [exp(Y)U(1)] = 8cexp(2Y't) M (0). Integrating
from O to ¢ and using U (0) = I, we get:

exp(Y)U (#) — T = 80( fo t eXp(ZYT)dT) M(0) = 8¢B(£) M(0). (148)

Solving for U (t), we find U(t) = exp(=Y't) [I + 8®(¢) M (0)], which is always invertible because ®(t) := fot exp(2Y T)dr
is positive definite for ¢ > 0, and M (0) = W(0)W(0)" is positive semi-definite. Finally, reconstructing M () =
V(t)U(t)™, we arrive at:

M(t) = exp(Yt)M(0) [I +8c®(t) M (0)] " exp(Yt). (149)

Furthermore, suppose Y and M (0) are simultaneously diagonalizable. Then, there exists an orthogonal matrix P such
thatY = PT'P" and M (0) = PZ(0)PT, where I" and Z(0) are diagonal matrices containing the eigenvalues 7, and
z1:(0), respectively. Since all matrices in the closed-form solution share the same eigenbasis, M () remains diagonal
in this basis: M(t) = PZ(t)P".

For the k-th eigen-mode, the matrix functions reduce to scalar functions. The integral evaluates to ®y(t) =

exp(2y,t)-1

pr for ~y;, # 0. Substituting these into (149) gives:

exp(27xt) 21, (0)
1+8c(9293§t1)m40)

2n(t) = (150)

2
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Rearranging the terms, we recover the standard generalized logistic growth curve:

_ Y2k (0)
(1) = oo (0) = O = 4oz (0)) exp(<292D) (0

For the case where v; = 0, the integral simplifies to ®(t) = [Ot 1d7 = t. Substituting this yields:

2(t) = 2(0)

~1+8cz,(0)t° (152)

This completes the proof.

A.17 Formal Statements of Section 6
Feature-wise Descent The first part of the formal statement is the following theorem.

Theorem 8. Under the conditions of Theorems 6 (or Theorem 7 with M (0) and Y simultaneous diagonalizable), let
C1>Co >+ >y > 0, where we define (i, = vy, in Theorem 6 (Cy, = 7y, in Theorem 7).
Then, for any fixed constant p € (0,1), let t;, denote the time that zy(t}) = pzi(o0) with zi(00) = limy_, o 25 (t).
Let the initialization scales satisfy z1,(0) = O(¢) forall k € {1,...,p}, then as e - 07,
1 1

tp~—In—, (153)
alp €

where a = 1 in Theorem 6 (a = 2 in Theorem 7).
Consequently, the gaps between consecutive feature activations diverge in the limit of small initialization, which

exhibits saddle-to-saddle dynamics:
lir%(t};rl —ty) = oo. (154)

Proof. Let the initialization scale be 2 (0) = cye for all k, where ¢ > 0 is a constant and € — 0.
By Theorems 6 and 7, z; evolves according to

G2k (0)
Cr2r(0) + (Cx — Crzi(0)) exp(—adxt)
where (j, = ri,a = 1,Cy = Cy, for Theorem 6, and (i, = i, a = 2, C = 4c for Theorem 7. The non-zero steady-state

saturation value is 2 (o0) = (. /Ck.
Setting zy (7)) = pzx(o0) = pé—’;, we substitute the initial condition and solve for ¢}:

2k (t) =

(155)

p Sk _ CrCre (156)
Ck CkaG + (Ck - Ckcke) exp(—a(kt,’;)
Rearranging to isolate the exponential term yields:
* Clepe ( 1- p)
exp(—alit;) = (157)
(~aGkti) (e —Crere \ p
Taking the logarithm and dividing by —a(j, we obtain the characteristic time:
1 1 1 1-
t,::—ln(f)——ln(%—p) (158)
aCk \€/ alk \Cp—Creke p
As € — 0, the second term is O(1), and the time scales as:
1 1 1 1
t,ﬁ:—ln(f)+0(1)~—lnf. (159)
aCy € al €
This completes the proof. O
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Recall that 7, and -, are essentially the correlation between input features and label, and Cj > 0 is essentially
the input variances. The second part of the formal statement is the following.

Theorem 9. Suppose the conditions of Theorem 8 hold. Consider the infinite-width limit p — oo® and assume the
initialization satisfies z;,(0) = eckk_ﬂ where the constants cy, are bounded away from zero: 0 < Cpin < €k < Cmax < 0.

Let E.(t) := L(t) — L(o0) denote the excess loss. Define Vj, := 821
7).
Assume that (i, and Vy, exhibit the following power-law decays:

Ck = cck™2, Vi = cpb™* (160)

(under Theorem 6) or Vy, := 17—6’%0 (under Theorem

for positive constants c¢, ¢y, a2 > 0. Furthermore, assume that iy > 1 3 and B > a1 — g to ensure finite initial excess
loss.

Define the rescaled time T := —-——. Then, under the small initialization limit € — 0%, the excess loss converges
p 8

In(1/e)
E(7) = limeo+ E(7In(1/€)) for almost every T and E(7) has a power-law decay

ap-1

5(7’):@(7' o2 ) (161)

Proof. We first evaluate the empirical loss L(t) in terms of the features z (¢).

In Theorem 6, the loss is L(t) = L Y1 ( b Aukzi(t) - yu)z. Expanding the square and applying the or-

m
thogonality condition 3, A, jA,; = 0 for j # [, the cross-terms vanish. Using the definitions C, = % Xu )\i ;. and

i =25, A kYp, e obtain: ) 2
1
L(t) = 2 2. Cra (zk(t) - L’“) + Const. (162)
8 k=1 (jkk

Since 2z (00) = r/Ckr, the excess loss is E(t) := L(t) — L(o0) = é Y71 Crr (zi(t) - 21(00)).

Similarly, in Theorem 7, expanding L(t) = -= ¥, (Te[M(t)A(z,)] - y#)2 and utilizing Assumption 2 yields

m

L(t) = cTr[M(t)?] - %Tr[M (t)Y'] + Const. Because M (t) and Y are simultaneously diagonalizable, this simplifies

to L(t)=cYh_, (a(t) - Z—’Z)Q + Const. With z;,(c0) = i /4c, the excess loss is Ec(t) = ¢ X} _; (zi(t) - 21(00)).
Therefore, in both regimes the excess loss at any time ¢ can be written as

-~ 2
E(t) = ka(1— 2(1) ) . (163)
k=1

zk(00)
after taking p — o0. 3 > a; — o guarantees that (1 — 2;(0)/z,(00))? — 1 because
2,(0) ek PG ek Peck™  cece

- - = fermae=h 164
21,(00) Vi cwk— Cw ’ (164)

where ¢, := % in Theorem 6 and ¢;, := % in Theorem 7. Further oy > 1 guarantees that at ¢ = 0 the excess loss

Y ey Vi is finite.
We introduce the rescaled time 7 = m or equivalently ¢ = 71n(1/¢). The fraction of unlearned feature

2z (7 1n(1/€))

magnitude, denoted as fi (7) =1 - , can be evaluated by substituting (155):

21 (0)
() _ Cuenek™ |C _ 1 (165)
z(00)  Crerek™P[Cy + (Cr/Ck. — crek™P) exp(-alit) 1 4 (ﬁ - 1) exp(—alx7In(1/e))
Let Cy () = ﬁ — 1. For sufficiently small ¢, Cj,(¢) > 0. The fraction becomes:
1 Cho(€)ek™
Fre(r) =1 - Gilo)e (166)

1+ Cr(€)esss™ 1+ Cr(e)eadr’

Notice that the leading order behavior of the term Cy(€)e®**™ is governed by €271, Let 7} = ﬁ We analyze the

pointwise limit of fi (7) as e - 0*:

Note that under Theorem 7 this requires 7m — co simultaneously to satisfy Assumption 2

2
3Note that under Theorem 7, Vi = %, which enforces o1 = 2a2. Thus, we require g > 0.5 in that regime.
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o« If 7> 77, then aCym — 1> 0. As € = 07, O (€)€?*7 ~ €271 (. Hence, fi () — 0.
e If 7 <7/, then aCem — 1 < 0. As € = 0%, Cr(€)€9*T ~ €71 s oo, Hence, fi () — 1.

Therefore, for almost every 7, fi . converges to an indicator function: limc_o+ fz (7) = I(7 < 7}7).
Notice that for both Theorem 6 and Theorem 7, the relationship Cj, = ©((?/Vy) = ©(k**72°2) holds (with
a1 = 2ay specifically under Theorem 7). Substituting this scaling into C,(¢) yields:

. Const
Cr(e) 3 X pProa-en _q, (167)
€

Because we assumed 5 > a — «a, the exponent of & is non-negative, and thus there exists a sufficiently small € > 0
such that C‘k(e) > 0 uniformly for all £ > 1. This ensures that 0 < fj (7) < 1 across all features.

Consequently, the terms in (163) are bounded by Vj, fx (7)? < Vi. Since Y5 Vi < oo, we can apply the Lebesgue
dominated convergence theorem to interchange the limit and the summation:

oo 2 oo
E(r) = lim E(rIn(1/e)) = 3 Vi ( lim fkvE(T)) =3 Vi I(r < 77). (168)
€0+ o1 e—~0* k=1

which can be inverted to define a threshold:

The condition 7 < 7" translates to 7 < —i——,
acek™2

k> (acer)™s = k* (7). (169)

Let K(7) = |k*(7)] + 1 be the smallest integer greater than k* (7). The excess loss equals the tail sum:

oo

E(r)= Y cuk . (170)
k=K (1)

Because ¢, ™! is monotonically decreasing, the tail sum is bounded by the Riemann integrals:

[ Cpx”dx < Z Cpk™™ < f Cwx” dx. (171)
K(r) k=K (7) K(r)-1
Evaluating the integrals yields:
(k) cg(r) < = (K (r) - 1)@ (172)
a1 — 1 a1 — 1

As T — oo, the threshold scales as K(7) ~ k*(7) = (acc7)Y*2. Substituting k*(7) into the bounds gives the

asymptotics:
1 \—(a1-1) _ag-1
5(T)=®((Ta2) ):@(T ) (173)

This completes the proof. 0

Sample-wise Descent The first part of the formal statement is the following theorem.

Theorem 10. Under the conditions of Theorem 5, for each sample pi € {1,...,m}, let Ay max = maxy A\, and
assume that y,, > 0. Define the effective growth rate for each sample as:
(= §A (174)
- pmax¥p

Assume that (1 > (o > -+ > (> 0. Let L(t) = % et A, (t)? be the empirical MSE and the initialization satisfies
21(0) =O(e) forall ke {1,...,p}.
Define the rescaled time T := m and the characteristic timescale 7, := CL Then, in the small initialization
W

limit € —~ 0%, the empirical loss converges pointwise (for almost every 7) to a saddle-to-saddle trajectory transitioning
through m plateaus:

1y 12
limL(Tln€)=m;yi-H(T<T;), (175)

e—>0*

where 1(-) denotes the indicator function.



Proof. According to Theorem 5, for a specific sample u, we denote 2 (t) := 2(0) exp (—S\kfu(t)) and X := %)‘u,k-
Let IC;y = {k | Ay k = Au,max } be the set of indices for the maximum eigenvalue. We define

Z(t) = Y Numaxzi(t) = Z(0) exp (~Amax€u(t)) (176)
kelC,,

where Z(0) := Ypexc, Apmax2k(0) = O(€).

We first prove that &, (¢) < 0. By definition, ,(0) = 0. The initial residual is A, (0) = 37 _; A2k (0) =y, =
O(€) - y,.. Since y,, > 0, for sufficiently small €, A, (0) < 0. Because &, (t) = A, (t), £, (t) is initially decreasing.
Suppose there exists a first time ¢; > 0 such that £, (¢1) = 0. At this instant, zx(t1) = z,(0) for all k, which implies
€.(t1) = A,(0) < 0. Since &,(t) < 0 for t € (0,t1), reaching zero at ¢, from below requires &, (¢;) > 0, which
contradicts &,,(t1) < 0.

Because &, (t) < 0, the evolution of any feature depends on the sign of its eigenvalue. Since A, max > 0, the
exponent —Apa&,, (1) > 0, which guarantees Z(t) > Z(0) = Ce for all t > 0. For any sub-dominant positive feature
(k ¢ IC,i, Ak > 0), we can express its dynamics in terms of Z(¢) by eliminating &, (¢):

2k (t) = 21(0) (g((é))) 7 (177)

where 75, := Ak /A max € (0,1). Conversely, for any negative feature (A, < 0), the exponent —ng,t(t) < 0. This
implies that z,(t) < 25 (0) for all ¢ > 0.
We define the residual A, (t) := Z(t) + R(Z, €) — y,, where R(Z,€) := R,(Z,¢) + R_(e) and

7 Tk
R(Z)= T )\”,;@cke(A—) L R()= Y Aewz(t). (178)
A k>0,kEK € A £<0

Before proceeding, we establish a global bound for Z(t). Since the dynamics follow a gradient flow, the total loss is
non-increasing (L(t) < L(0)), which guarantees that the residual A, (¢) is globally bounded, i.e., |A,(t)| < Ca for
some constant Ca > 0.

Rearranging the residual equation yields: Z(t) + R.(Z,€) = A, (t) +y, — R-(€). We have already established
that zj,(t) < 24(0) for all features with A, < 0. This implies that the negative contribution R_(€) is bounded:
—-R_(€) < O(e). Consequently, the right-hand side of the equation is bounded by a constant My := Ca + y, + O(e).
Since both Z(t) and R, (Z, €) are sums of non-negative terms (as A, ; > 0 and 24 (t) > 0), we must have Z(t) < M
forallt > 0.

Let 0 == miny, ,>0(1 =) > 0. Since Mz > Z > Ce, |Ri(Z,€)| < C1€%. Since z(t) < cpe for negative
eigenvalues, |R_(¢e)| < Cye. Combining these, for any bounded trajectory of Z(t), we can define a uniform bound
relative to y,,: #(€) = sup, |R(Z(t),€)|/y, = O(e™(®D)) which vanishes as e - 0*.

Now, summing (31) over k € K, yields:

: 8 Z(t) + R(Z, e
Z(t) = ——Aumax D (8) Z(t) = Cu Z(t) (1 - ()()) (179)
m Yp
where ¢, = £\, maxy,. With the definition of «(e), for Z € [0, y,,] we have:
C#Z(l—n(e)—Z)SZ'SC#Z(1+/€(6)—Z) (180)
p 1

Let Zjower(t) and Zypper(t) denote the solutions to these bounding logistic equations with the initial condition
Zlower(o) = Zupper(o) = Z(O) = Ae:

~ Y (1 +k(€))Ae
Zupper () = Ae+ (y,(1+k(e)) — Ae) exp(—Cu (1 + K(€))t) (181)
Zlower(t) = yu(l — K(G))AE (182)

Ae+ (g (1= r(e)) - Ae) exp(~G, (1 - w(e))t)
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We now apply the timescale change ¢ = 71n(1/€) to evaluate the pointwise limit as ¢ — 0F. For the upper bound,
substituting the time yields the exponential term exp(~C,,(1+ k(€))7 In(1/e€)) = €+ 7(1%()) Dividing the numerator
and denominator by e yields:

Z ( 1 1) yu(1+rk(e))A
upper | T — | =
5 e) A+ (yu(1+k(e)) - Ce)etutar(e)-1

(183)

Let 7; = 1/(,. Because r(¢) — 0 as ¢ - 0, for any fixed 7 # 7,;, the sign of the exponent (,7(1 + k(€)) - 1 is

7(1+k(e))-1

determined by (, 7 — 1 for sufficiently small e. If 7 < 77, then the exponent is negative, meaning € - 00

and Zypper = 0. If 7 > 7,7, then the exponent is positive, meaning the term vanishes and Z,;pe, — Y (1+0) = yp.
Applying the same time substitution to the lower bound gives the term Sn(1=r())T Dividing by e gives the
denominator behavior governed by ¢5»7~1=¢u7(€)  Since k(e) — 0, for any fixed 7 # 77, the sign of the exponent
is determined by (, 7 — 1 for sufficiently small e. Thus, as with the upper bound, Zj,yper — 0 for 7 < T; and
Zlower = yu(l - K(O)) =Yu for 7> T;:'
Since Zjpper (t) < Z(t) < Zypper(t), the dominant feature subspace converges to a step function for 7 # T
e—>0*

1
lim Z(Tln*)=y“~ﬂ(7’>7’;) (184)
€

Returning to the residual A, (t) = Z(t) + R(Z,€) - y,.. Because Z < y,, and R(Z,¢) = O(e™™(%1) 0 uniformly
for bounded Z, we have lim._,o+ A, (t) = lime_o+ Z(t) — y,. Squaring this residual yields:

1 2
lim A, (Tlnf) (0= 5% I(r < 7Y + (g - 9)? U7 > 77) =2 U7 < 77) (185)
e—>0* €
Summing over u completes the proof. O

The second part of the formal statement is the following.

Theorem 11. Suppose the conditions of Theorem 10 hold, and consider the infinite-sample limit m — oo. Suppose
that the C,, and y,, exhibit the following power-law decay:

Cu=ccp™ 7, yp = cyp ™ (186)

for some positive constants c¢,c,,v2 > 0. Let the empirical MSE loss be defined as L(t) = i1 Au(t)? We also
assume Y771 (g1 Ay, 121 (0))? < 0o and v, > 1/2 such that the initial loss converges.

Define the rescaled time T := 1 (1 7oy The empirical loss converges L£(7) := lim,_o+ L (Tln ) for almost every T
and the limiting loss follows a power-law decay:

L(7) = @(7*21151 ) (187)

Proof. According to Theorem 10, the residual for each sample converges for almost every 7:

2
lim A (Tln%) :y AI(r <7) (188)

e—0*

where I(-) is the indicator function and 7 C— is the characteristic timescale.

To interchange the limit and the 1nﬁn1te sum, we establish a uniform bound for the residuals. As shown in the proof
of Theorem 10, for any trajectory of Z(t), we have Z(t) <y, (1 + r(€)) and |R(Z, €)| < y,x(€), where r(e) - 0 as
€ = 0*. Therefore, the absolute residual is bounded by:

A =12() + R(Z,€) —yu| <[Z2(@)[ +|R(Z, €)| + Y < yu(2 + 25(€)). (189)

For sufficiently small ¢, we have x(e) < 1/2, yielding a uniform bound A u(t)Q < 9yi for all £ > 0. Under the
assumption ; > 1/2, the series .7 9y~ = 9¢; Toey 177 < 0.
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Now we can apply the Lebesgue dominated convergence theorem:
L(T)= 111(1)1 A (T In— ) Z yu I(r<7;), (190)
e—0+ p=1

‘We can then define a threshold on the index:

w(r) = (647)% . (191)

Let M (7) = |p*(7)] + 1 be the smallest integer greater than ;* (7). The limiting loss evaluates to the tail sum:

L(T)= Y cu™m (192)
p=M(7)

Since cix‘hl is decreasing, the sum is bounded by its corresponding Riemann integrals:

2 -2 T 22
fM(T)ny A“dacsﬂ(T)Sf( - c,r (193)

Evaluating the integrals yields explicit upper and lower bounds:

2 2

(M(7)) D < £(r) <

v < <— Y (M(r)-1)"CnD 194
71 271_1( (r)-1) (194)

As T — oo, the threshold scales as M (7) ~ pu*(7) = (CCT)%. Substituting this asymptotic scaling into both bounds

provides the decay rate:
1\-C@m-1) _2m-
ﬁ(T):@((T’YIZ) " ):@(T 2521). (195)

This completes the proof. 0

B Additional Theory

B.1 Removing ZGZ Condition

Theorem 12. Let f, : RP*? - R be a three times continuously differentiable model with respect to its neurons

W = (wy,...,wq). Assume f, satisfies the permutation symmetry. Then, the model can be approximated around the
origin as:
fo(W) = £.(0) + Zg(x)Twl + Z:wTA(ac)wZ + > w] B(z)w; + O(|W|?), (196)
%]

where g(x) € RP, A(xz) € RP*P is a symmetric matrix representing the self-interaction of each neuron and B(x) €
RP*P js a symmetric matrix representing the cross-interaction between any pair of distinct neurons.

Proof. We begin with the standard multi-variable Taylor expansion of f, around W = 0:

d

14 4
Fe(W) = £(0) + 32 (Vu Jo0)) i 5 32 3wl Higuog + O(IWIP), (197)

i=1

where H;; = are the p x p blocks of the Hessian matrix.

0 fs |
OQw; Ow; [W=0
By permutation symmetry, all neurons are interchangeable. This implies that the first derivative evaluated at the
symmetric origin W = 0 must be identical for all neurons. Thus, there exists a vector g(z) such that:

Vo, f2(0) = g(2) foralli. (198)

Similarly, the permutation symmetry severely restricts the blocks of the Hessian matrix evaluated at W = 0. There can
only be two types of blocks.
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Diagonal blocks: H;; must be identical for all i. Let H;; = 2A(x).
Off-diagonal blocks: H;; for all ¢ # j must be identical. Let H;; = 2B(z).
Substituting these findings back into the Taylor expansion:

f2(W) = f2(0) + Zg(w)Twz +5 ZwT(QA T))wi + ZwT(QB(w‘))wg +O(IW?)

’L¢]

= f2(0) + Zg(w)Twi + ZwiTA(w)wi + 2 wi B(x)w; + O(|W?).

i=1 i=1 i%j

(199)

This concludes the proof. O
We can similarly expand the model to an arbitrary order.

Theorem 13. Let f, : RP*? > R be a K + 1-times continuously differentiable model with respect to its neurons
W = (wy,...,wq). Assume f, satisfies the permutation symmetry.
Then, the K-th order Taylor expansion of the model around the origin W = 0 can be expressed as:

Fe(W) = f.(0) + Z >y Ta(x) [ g1 262, . 7wf’7:m] +O(|W |5+, (200)

k=1 Arkiy,...im

distinct
where A = {c1,¢a,. .., cm | represents an integer partition of k, satisfying Y12, ¢, = k and ¢, > 1. The innermost sum
iterates over all m-tuples of mutually distinct indices (i1, ..., 4y, ) drawn from {1,... d} and Ty(x) is a symmetric

tensor of order k, determined by )\, representing the partial derivatives and combinatorial constants evaluated at the
origin.

Proof. We begin with the standard multi-variable Taylor expansion of f, around W = 0 up to order K:
K 1 d d Kol
+
Fo(W) = £:0) 4 s 37 O (VE, oy, £ (0)) [ - ws, T+ O(IW ). (201)

where Vfuh g, f2(0) denotes the k-th order partial derivative tensor block evaluated at the origin.

For any fixed k, consider an arbitrary sequence of indices (j1,...,jx). This sequence can be grouped by the
multiplicity of each distinct index it contains. Let there be m distinct indices i1, .. ., ¢,, appearing with multiplicities
¢1,. .., Cm respectively, such that 3 ¢, = k and ¢, > 1. This multiset of multiplicities defines an integer partition
AF k.

By permutation symmetry, all neurons are interchangeable. At W = 0, any permutation of the input neurons
leaves the function and its derivative tensors unchanged. Consequently, the derivative V w, f=(0) depends on the
partition A of its indices, and is identical for any specific choice of neurons 1, . .., %y,.

Let Dy (x) denote this derivative corresponding to the partition A. We can rewrite the sum over the raw indices
(41,---,Jr) by summing over all valid partitions A + k, and then summing over all possible choices of m distinct
indices (i1, ...,%ny) from {1,...,d}:

d d
k “m
> YTy, £ (O)) [y 1= Y Y CaDA(@)[wf L w®r ], (202)
ji=1  jr=1 ’ ARK 21 ,0im
distinct
Here, C) is a combinatorial coefficient counting the number of ways to arrange the sequence (j1,. .., jx) such that

the distinct elements appear with the frequencies specified by \.
Substituting it back into (200), we can define 7, (z) = %D a(z), which yields:

Joa(W) = f2(0) + ZZ > @) [wie . wien [+ O(|W] ). (203)
k=1 Arkiy,.
d1stmct

This concludes the proof. O
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B.2 Multidimensional Output

Corollary 1. Let F,, : RP*? — RF be a three times continuously differentiable model with respect to its neurons
W = (wy,...,wq), where w; € RP. Assume F), satisfies the permutation symmetry* and the ZGZ condition: the
Jacobian matrix satisfies T, Fr (w1, . . . ,wd)|w‘=0 =0 ¢ R for any i.

Then, the model can be approximated around the origin as:

d
F, (W) = F(0) + 3 A(2)[wi, wi] + O([W?), (204)
i=1
where A(x) € RE*P*P is a 3rd-order tensor dependent only on the input x. The operation A(x)[w;,w;] yields a vector
in R¥ whose m-th component is w] A" (z)w;, with each A™ () € RP*P being a symmetric matrix.

Proof. Let F,(W) = | Dy, fPw),. .., a(ck)(W)]T, where each component function f{™ : RP*? - R is
three times continuously differentiable.
By permutation symmetry, each component f,gm) satisfies

£ (i, wa) = M (Waays - Wo(ay)- (205)
Furthermore, the ZGZ condition implies that for every output dimension m:

Y f§ (W), =0 € R, (206)

Thus each component function f;m) satisfies the conditions of Theorem 1, and we can apply it to each dimension m:
d

LI W) = £ (0) + 3wl AU (@)w; + O(IW ), (207)
i=1

where A(™ (z) = %Hi(im) is the Hessian blocks of the m-th output dimension. To stack the equations for all k
components, we define a 3rd-order tensor A(z) € R¥*P*P such that its m-th slice along the first dimension represents
AU (). Consequently, the multi-dimensional expansion can be written as:

d
F, (W) = Fo(0) + 3 A(z) [wi, wi] + O(|W ). (208)
i=1
This concludes the proof. O

B.3 Learning Dynamics of Other Optimization Methods

Corollary 2. Consider any learning algorithm whose update rule for the weight matrix W takes the form:

AW, =3 oV Ly + B Wi (209)
%

where oy, By, can be any scalar functions of the historical sufficient statistics { M, i+ } r<¢. Then, the learning dynam-
ics of the NQF are completely determined by { M, i} r<.

Proof. From Theorem 2, we know that the gradient of the loss with respect to the weight matrix W at any step k takes
the form:
Vw L :Uk1T+Hka. (210)

Given the update rule AW, = ¥ .. (Vi Ly, + W), we substitute the gradient expression:

AWt = Z (akvle + (aka + BkI)Wk) (2] ])
k<t
AR (wr,. .., wq) = Fy (W (1)s-++»Wg(ay) for any permutation o.
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We claim that for any step ¢, the weight matrix W, can be written in the following form:
Wi = PWo+Q17, (212)

where P, € RP*P is a transformation matrix and @); € RP? is a vector, dependent on the historical sequences {vg, Hy, o, B }r<t-
We prove this by induction: Fort =0, Wy =1-Wy+0-17. Thus, Py = I and Qq = 0, which holds.
Assume the claim holds for all k£ < ¢. For step ¢ + 1, we have:

Wi = Wi+ AW, = Wy + > (vl + (apHy + Bl ) Wi). (213)

k<t

Substitute Wy, = P, Wy + Q17 into the equation:

Wi = (PWo+Q17) + Y [akvle + (apHy + Bl ) (PaWo + leT)]. 214)

k<t

By grouping the terms associated with Wy and 17, we get:

Wit = (Pt Y (awHy+ BeD) P ) Wo + (Qu + Y [onvr + (anH + BrD)Qi]) 17 (215)

k<t k<t

=P =Qt41

This defines a recurrence relation for P;,; and ()¢, that depends only on variables from steps & < t.
Now we show that p; and M, only depend on P;, QQ; and the initial statistics. For the first moment ;:

,ut:thz(PtWO+Qt1T)1:Pt/,L0+d'Qt (216)
For the second moment M;:
Mt = WtWtT = (PtWO + QtlT)(PtWO + QtlT)T = PtM()PtT + Pt,quI + Qt,uf)PtT +d- QtQ; (217)
Therefore, given the initial conditions M, and pg, the subsequent values of P; and (); are completely determined,
which in turn dictate the values of u; and M; via the derived equations. This proves that for any linear-span learning
algorithm, the dynamics of the NQF form a closed system over { M., i } r<;- O
B.4 Learning Dynamics of Multi-layer NQF
Before stating the theorem, we first define an L-layer NQF.
Definition 2 (Deep NQF). Ler f(z) = h'™) (z) be an L-layer NQF with hidden representation h") () e RP!:
RO (z) = (218)
T T
W (@) = P+ (g0) 1@ + () B O + e [MOAD], k=1, D) (219)
where MW = WO (WO e RPoPe gpd 1D = W1, € RP are the order parameters. The structure compo-

nents {C’Igl) , g,(cl), B,(cl)7 A,il)} are functions that only depend on the previous layer’s output h"=1) (z). Without loss of

generality, A,(Cl) and B,(J) are symmetric matrices.

Theorem 14 (Master Theorem for Deep NQF). Under SGD

AWD = S V0 L(f(x)) (220)
xeBB

with identical data sampling, two models will have identical states (ugl)(t) = ,ul()l)(t), Mél)(t) = Mb(l)(t)) Sor all
layers | and time t if they share the same initial statistics:

P 0) = (0), MO (0) = MP(0) Vie{l,....L}. (221)
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The learning dynamics are closed, evolving as:

Au(l) = —77(dl PRGN H(l)ﬂ(l)) (222)
AM® = _U(U(l)(ﬂ(l))T + O N T+ FOpMO 4 M(Z)H(l))
+ 772(dl OO 4O (OYTHO + FO O O 4 H(Z)M(l)H(“), (223)

where dj is the width (number of neurons) of layer 1. The vector v € RP' and effective Hessian H® e RP*Pt gre
defined as:

oD = (l) +2B(l)u(l) (224)
Zmzl 8h(l)( )( 1)
HO = 3 Z AW (225)

seB it ah“)( )

Proof. By the chain rule, the gradient of the loss with respect to the weights W) is:

Viwww L = Z Z

Q)
Vo h (). (226)
wesklahm( y VU

Notice that () = W1, where 14, € R% is a vector of ones. The derivatives of the terms in h,(cl) are:

Vo ((gP)u®) = gP1], (227)
Vo (1) BP ) =280 017 (228)
VW(1>Tr[ <l>A“>] 240w O (229)

Collecting these terms, the gradient factorizes into:
Vo l=vW1] + HOW®, (230)
where v and H®) are defined as in the theorem. The SGD update is therefore:
AW® = —p(v®1] + HOWO). (231)
For the mean vector u(l) , we multiply the update by 14,:
Ap® = AW D1, = —n(v® (] 14) + HOWD1y)) = —p(dy -o® + HO D)., (232)
For the second moment M (), we expand Mt(i)l =(WO + AWDYWO + AWOHT:
AMD = wOAWNT L AWO WD) L AW O (AW DYT, (233)
Substitute AW () and use the identity W) 14, = u(1:
W(l)(AW(l))T - —U(W(l)ld, (v(l))T n W(l)(W(l))TH(l)) - —U(M(l)(v(l))T i M(l)H(l)). (234)
The symmetric counterpart is —77(11(1)(;1(1))T + H(Z)M(Z)). For the 7? term:
AWO(AWOT = 772(1}(1)1;1 +H(l)W(l))(ldl(U(l))T " (W(l))TH(l))
- 772(1)(1)(1;[1(1[ )(U(l))T i ’U(l)lgl (W(l))TH(l) i H(l)W(l)ldl (U(l))T + H(l)W(l)(W(l))TH(l))
= 772(dz O N 4O (Y THD L O D, ()T 4 H(l)M(l)H(l))_ (235)

Summing these gives the update rule for AM ).
Since the forward pass 2 (') depends only on {x), M (D} and h{~1) (z), all intermediate activations are func-

tions of the order parameters. Consequently, the gradients Wf(w) also depend only on the sequence of order param-

eters. Thus, the dynamics are closed independent of W (1), O

43



Theorem 3 can be generalized to multi-layer NQFs in the same way.

Theorem 15 (Compressibility of Deep NQF). Let an L-layer General Deep NQF have layer widths d1,...,d,
defined by functions g,(cl) , B,gl), A,(Cl), learning rate 1), and initial parameter statistics u(l)(O) and M (l)(O) for each
layerle{1,...,L}.

Let V) ¢ R”! be the Jjoint subspace spanned by the network components across all training samples x € X and
all training steps t > 0 of the original model:

VO = span | 6 (g,(j)(hgl’l)) U Col(AL (RDy) L Col(BYY (hgl*)))). (236)
weX 20 k=1
Let ky == dim(V®) < p. If d; > ky + 1 for all 1, then there exists a smaller Deep NQF with layer widths dy =k +1,
characterized by [l,(j) = %Ag), rescaled learning rate 1) = g—in (layer-specific learning rates), such that:
1. fi = fo forall inputs x € X at initialization;
2. ﬁgl) = V}V}Tugl) and Mt(l) = g—iVlVlTMt(l)V}Vf for all layers | and all training steps t > 0, where V;, € RP>®! s the
orthogonal basis of V.

3. The output and learning dynamics of the smaller model are identical to the original model: f,(t) = f,(t) for all
t>0.

B.5 Compression Error

Corollary 3. For any original NQF with d neurons and input dimension p, and any target width d' < p, there exists a
compressed NQF with d' neurons such that, assuming the SGD update dynamics are locally Lipschitz continuous with
constant L, the deviation in its sufficient statistics at any training step t is bounded by:

d -
— M, — M,
g t

P
+ | iy = pue] 5 < (\ > /\i)exp(nLt), (237)
F k=d’

where A1 2 Ay 2 -+ > A, 2 0 are the eigenvalues of the initial covariance matrix C := %(M(O) - é,U/(O)/L(O)T).

Proof. Let the discrepancy in the sufficient statistics at training step ¢ be denoted by the error states E](\f[) = %’Mt - M,
and El(f) := [iy — p¢. Define the total error norm as e; := HEJ(&) |7+ ||Eff) 2.
To minimize the initial error, we first match the first moment by setting ji(0) = 1(0), which yields E,(P) = 0. For

the second moment, following the construction in Theorem 3, finding U = [u1, ..., uq] € RP*d’ requires solving:
& d 1
T T
Sui=0, and UUTwCi= L (M(O) - (0)u(0) ) (238)
i=1

Because the d’ vectors must sum to zero, they are confined to a (d’ - 1)-dimensional subspace. Consequently, the rank
of the constructed covariance matrix UU" can be at most d’ — 1. Since we assume the target width d’ < p, perfect
reconstruction of the p x p full-rank matrix C is in general impossible.

By the Eckart-Young-Mirsky theorem, the optimal rank-(d’ — 1) approximation C' that minimizes the Frobenius
norm of the residual is given by the truncated eigendecomposition of C'. Let C = Y7 _, Axqrq;, be the eigendecompo-

sition with eigenvalues A1 > --- > A, > 0. We construct U such that UU " = C = zg';f Akqrqy,- The residual matrix is
AC=C-C-= Zi:d’ )\quq;.

We initialize the compressed model such that its effective initial covariance is this optimal approximation. Thus,
the initial matrix error is the residual:

- )06 -ac:

The initial total error is therefore the Frobenius norm of the truncated tail:

p
o= [AC|p+0=1] D A2 (240)
k=d'
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For any step ¢, the dynamics of M and p are governed by the update rules derived in Theorem 2. The increments
AM and Ay are functions of the current state variables (M, 11;), the data sequence A(x), B(z),g(x), and the loss
derivative ¢},.

Because polynomials are locally Lipschitz continuous, and assuming the SGD trajectories and data samples remain
bounded within the time horizon ¢, there exists a uniform Lipschitz constant L > 0 that bounds the divergence of
the trajectories. Specifically, the difference in the updates between the uncompressed state (M, u;) and the scaled
compressed state (%Mt, [i;) satisfies:

U
~ - t
GO DM |87 = Apuelly <nL(I1ED | + |ED o) = nLey. (241)
By the triangle inequality, the error at the next step is bounded by:
d . - N
€41 L €4 + EAMt - AMt + HA/JJt - A,th H2 <ep+ nLet = (]. + nL)et. (242)
F

Applying this discrete recurrence relation recursively from step 0 to ¢, we obtain:

e, <eg(l+nL)'. (243)
Using the standard exponential inequality (1 + z)? < exp(at) for all z > 0, we establish the upper bound for the error
dynamics:
P
et < egexp(nLt) = (\ ’ > )\i) exp(nLt). (244)
k=d'
This completes the proof. O

B.6 NTK and Feature Learning

Proposition 8. Under the same notations as Theorem 2, the empirical Neural Tangent Kernel (NTK) between two
data points x and z', defined as O(x, ") :== (Vw fo (W), Vw for (W)), is determined by the summary statistics p and
M:

O(z,2") =d-u(z) u(z") + 2u(z) A(2")u + 2u" A(2)u(z") + 4Tr(A(z) A(z") M) (245)

where u(z) = g(z) + 2B(z) .

Proof. By definition, the empirical NTK is the Frobenius inner product of the gradients with respect to the weight
matrix W:

O(z,2") = Tr(Vw fo (W) Vi for (W)). (246)
From the proof of Theorem 2, we know the sample-wise gradient can be written as:
Vw fs(W) = (g(2) + 2B(2)u)17 + 24(2)W = u(2)1" + 2A(z)W. (247)

Substituting this into the NTK definition yields:
O(x,a") = Tr((1u(2)" +2WT A(2)) (u(x') 17 + 24(a )W) ). (248)
We expand this expression to obtain:
O(z,2") =d-u(x) u(z") + 2u(z) A(z ) u + 2u" A(2)u(z") + 4Tr(A(z) A(z") M). (249)

This demonstrates that the empirical NTK at any point in the training trajectory can be evaluated without knowing the
individual parameter states in W, as it relies solely on the sufficient statistics p and M. O

Assume the network width is d. Let the NQF coefficients scale with d as g(x) = ©(d™%9), A(z) = O(d"*4),
and B(z) = ©(d~*8). To prevent the outputs and gradients from diverging at initialization, we require w4 > 0 and
ap > 1/2. Assume standard variance scaling at initialization (e.g., 1/d) such that the summary statistics scale as
1(0) = O(1) and M (0) = O(1).

Based on Proposition 8, the initial magnitude of the NTK scales as O(z,z’) = O(dl’mg +dl72eB 4 g20a ) We
assume that the initial NTK is ©(z, 2") = ©(1) by setting o = 1/2.
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Proposition 9 (NTK Evolution and Feature Learning). For the gradient flow, the learning dynamics have two regimes:

1. Lazy Training (Constant NTK): If oy > 0 and ap > 1, then limg_, « © = 0. The NTK remains invariant while
the loss decreases by O(1). The NQF effectively behaves as a linear model.

2. Feature Learning (Evolving NTK): If oy = 0 or % <ap <1, then® = O(1). The NTK changes on the same
timescale as the loss, allowing the model to learn data-dependent representations.

Proof. By the chain rule under gradient flow W = -VwL, the dynamics of the function output are fw =(Vw [, W) =
2B @(xa x,)é;"

From Proposition 8, the NTK is © = d-u"u +2u" Ay + 21" Au+ 4Tr(A? M), where u = g + 2Bpu. With oy = 1/2,
the leading term d - g"g = ©(1), ensuring O(z, ') = O(1). Consequently, f, = O(1), guaranteeing that the loss
changes by an O(1) amount in an O(1) time.

We now evaluate the change in NTK during this O(1) learning process. The evolution of the sufficient statistics
from Theorem 2 are:

p=—(d-v+Hp), M=—(vop" +pm" +HM+MH) (250)

where v = £, u(z) and H = 2¢, A(x). For magnitude analysis, we drop the constant scalar ¢/,. Taking the time
derivative of © yields: . )

©=2d-uTu+ 40" Ap + 4u” Ap + 4Tr(A? M) (251)
Substituting @ = 2Bj1 and 1 ¥ —d - u (since H p is dominated), the two leading-order terms dictating the macroscopic

change © are:

1. Term 1: d-u" Bji » —~d*u” Bu. Since o, = 1/2 and ap > 1/2, we have u = g + 2Bu = O(d~'/?). Thus, this
term scales as d?(d~'/2)2d-*2 = O(d'~*®).
2. Term 2: —d - u” Au. This term scales as d(d~1/2)2d"*4 = O(d~*4).
Other terms, 'such as Tr(AQM ), scale as d=324 or lower and are dominated. Therefore, the overall drift in NTK is
bounded by © = O(d'~“8 + d~*4), .
For the NTK to remain constant (while the loss decreases by O(1)), the derivative © must vanish as d - oo. This

requires 1 —ap <0 = ap >land —a4 <0 = a4 > 0. If these conditions are violated, the NTK shifts by an
O(1) magnitude during the O(1) training time. O

B.7 A general exact solution

The following theorem unifies a class of exact solutions in which the learning dynamics reduce to independent logistic
equations. It contains Theorem 6 and the simultaneously diagonalizable special case of Theorem 7, as well as the
exact solutions of linear networks in [62].

Theorem 16. Define the empirical covariance

4 m 4 m
K(X):=— > (A(zn), X)rA(z,), Yi=— >y Azy). (252)
m p=1 m pn=1

Suppose that there exist pairwise orthogonal symmetric projectors {I1,}!_, and constants -y, € R and k, > 0 such
that 11,11, = 04411, and for every a,be {1,...,r},

Y, + LY = 2,11, (253)

K(Hb)Ha + Ha’C(Hb) = 2Ha5abHa~ (254)
IFM(0) = X0 1 24(0)I1, with z,(0) > 0, then the solution can be written as:

r

M(t) =) zq(t)IL,. (255)
a=1
Ifvq #0,
za(t) = taza(0) (256)

Ka2a(0) + (Yo = Kaza(0)) e 27at’
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whereas, if v, = 0,
24(0)

St = —2)
) = T30 2 (0%

Proof. The dynamics of M (t) = W (t)W (¢)" can be written as
M=YM+MY - K(M)M - MK(M).

Consider a matrix in the subspace spanned by the projectors M = Y7 _; z,II,. The linear part of (258) is

YM+ MY = Z 2q (YT, +11,Y) =2 Z YaZalla,
a=1 a=1
where we used (253). For the nonlinear part, we have
K(M)M + MK(M) = Y zqzp [KI), + KAL) =2 Y Kazaze0aplle =2 Y kazill,,

a,b=1 a,b=1 a=1

where (254) was used in the second equality.
Substitution of (259) and (260) into (258) gives

M=2 Z 2a(Ya = Kaza)g.

a=1
Thus each mode evolves independently according to
Za(t) = 224(t) (Yo — Kaza(l)) -

For v, # 0, separation of variables gives

dz,
f —— = 2t + constant,
Za(’)/a - Haza)

from which (256) follows. When v, = 0, the equation reduces to
Za = —2Kq zg,

whose solution is (257).

Corollary 4. Consider an NQF with structure matrices

110 S Nout XN
PN ) R
"

Writing W = [g] with U € R%w>*d qnd V e R™=*9 Define
CQ) =+ 38 QrSp. T > y,S
= ; F ) =— .
m = I I m = uu

Suppose that T possesses singular triplets {(Tq,Uq, Vq) Yooy Satisfying

Tva = TqlUa, TTua = TaVa,

(257)

(258)

(259)

(260)

261)

262)

(263)

(264)

(265)

(266)

(267)

where {ug}r_ and {v,}._, are orthonormal. Assume additionally that the corresponding rank-one singular modes

are eigenmatrices of C:
C(uqv)) = cauqv,, cq > 0.
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Let {r,}"_, € R? be orthonormal directions, and assume the balanced and aligned initialization
U0)= 3 Vo @l V)= X Vo0 vl

where p,(0) > 0. Then the trajectory remains balanced and aligned:
U= S VoDl V)= X Vo,

where each singular mode evolves independently. If T, # 0, the solution is

Tapa(o)
caPa(0) + (T = capa(0)) e~4rat’

pa(t) =

whereas, if 7, =0,

pa(0)

()= — P2
Pa(t) = Ty 0

Proof. Introduce the symmetric block-matrix notation

B(Q) = [g Cg].

Then 1
Ala,) = 5B(S,.)-

From (252), the target matrix Y is
4 m
Y = - z yuA(z,) =2B(T).

p=1

For each singular mode, define

1 fug o T
wa ::\/i[va]a I, -—%%-

The orthonormality of the singular vectors implies

1
’l/);lr’(ﬂb = 5 (ulub + ’U;’Ub) = 5ab7
and hence 1,11, = d,311,. Using (267),
2 | Twv,
Y, = E [TTua] =274 Yq.

It follows that
Y11, +11,Y = 4r7,11,.

Thus (253) is satisfied with 7y, = 27,.
We next evaluate the empirical covariance on II,. The off-diagonal block of 11 is %ubv;, and therefore

4 m

K(II,) = — Z(A(x“),ﬂb)FA(xu) = B(C(ubv;)) = cpB(upvy) ).
p=1
For any a, b,
. _ 1 UpUL Vg |
B(ub%)% = 5 Ubu;ua = 6abwa-

(269)

(270)

(271)

(272)

(273)

(274)

(275)

(276)

(277)

(278)

(279)

(280)

(281)
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Figure 6: Left: Comparison between a two-layer MLP and its NQF approximation (Proposition 1) under a teacher-
student setting. Right: Comparison between a query-key-only attention model and its NQF approximation (Proposi-
tion 3). Models are trained via online SGD (learning rate 0.05, batch size 64) over 2,000 iterations. The results are
averaged across 5 independent runs, with shaded regions representing +1 standard deviation.

Consequently,
KT, + T (1) = 26,0451, (282)

Thus the condition (254) holds with k, = ¢,.
Under the initialization (269), we have

M(0) = W(0)W(0)" = 3 2p4(0)I,. (283)
a=1
Theorem 16 therefore applies with z,(¢) = 20p,(t), Ya = 27a, Ka = Cq. Substitution into (262) yields
Pa =4pa(Ta = CaPa)- (284)
(271) and (272) follow directly from (256) and (257). Finally, factorizing
M(t) =) 2pa(t)ILa (285)
using the fixed orthonormal directions {r,} gives (270). O

Remark (Recovery of the solution in [62]). Consider the standard two-layer linear network
J(z)=UV'x (286)

trained on samples {(x,,,y,)}/ie,. Define S = = S0 xyx), and T = = Y7L y, 2, The corresponding operator is
C(Q) = QX,. Hence the condition (268) holds whenever

YxUq = Calq (287)

for the right singular vectors of T. In particular, for whitened inputs, X2, = I, we have c, = 1 for every mode. Then
the solution is
Tapa(o)

pa(t) = _ .
pa(O) + (Ta - Pa(o)) e~47at
Up to a rescaling of time, this is precisely the balanced solution of deep linear networks derived by [62].

(288)

C Experimental Details and Additional Experiments

Figure 2 In Figure 2, all the models use output dimension 8 and the MSE loss. The two-layer MLP has an input
dimension 20, hidden dimension 64 and the tanh activation without any biases. The single-layer CNN takes a single-
channel input of dimension 5 x 7, employing 64 kernels of dimension 4 x 5 (with stride 1 and no padding), followed by
global sum-pooling. Both the single-head and the multi-head attention models have an input dimension 20, a hidden
dimension of 8 and sequence length 16. The multi-head model further has four heads with d, = 20. For all the
experiments, we do full batch learning with 600 samples. “Momentum” refers to GD with momentum 0.9. Learning
rates differ in each setting.
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Figure 7: Comparison of training dynamics between a two-layer MLP (Left), a one-layer CNN (Middle), a one-layer
self-attention (Right) and their corresponding NQFs on the MNIST odd vs. even classification task. In all cases, the
NQFs (in red) achieve similar performance as the original model (in blue).
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Figure 8: Training dynamics of 4-layer MLPs and 2-layer attention models compared to their NQF approximations
under different optimizers and initialization scales. The black line represents the original model. The orange line
shows the 2-layer NQF approximations. The purple line represents an independently trained 1-layer NQF, initialized
to match the original model at step zero. Solid lines represent the training loss and dashed lines represent the test loss.
Under small initialization, the dynamics overlap, confirming the validity of deep NQF approximations.

Additional Experiments on NQF Approximation On the left side of Figure 6, we train a two-layer bias-free MLP
with a tanh activation function in the teacher-student framework. The teacher weights are standard Gaussian, and we
train two student models: an MLP of the same structure and its corresponding NQF approximation. Both models are
optimized using online SGD with a learning rate of 0.05 and a batch size of 64 over 2, 000 steps. Both the teacher and
the student MLP have the input dimension 20, the hidden dimension 100 and the output dimension 1. Figure 6 shows
that the trajectories of two student models match for the first 100 steps and then they become different.

For the right side of Figure 6, we compare a query-key-only attention model (Proposition 3) with its NQF approx-
imation and observe similarly that the NQF tracks the attention model accurately for the first 100 steps. The attention
model computes a scalar output from a query token = € R” and a context sequence X ¢ RP*"V with a fixed Gaussian
readout vector ¢ € RP. We set D = 16, N = 10, dy = 8, and use H = 4 attention heads. Both the attention model and
the NQF are optimized using online SGD with a learning rate of 0.02 and a batch size of 64 over 2,000 steps. For
both the MLP and the attention model, the teacher has standard Gaussian weights and student networks are initialized
with identical Gaussian weights drawn from N(0,¢?) where ¢ = 1073, At each step, the input data is sampled i.i.d.
from a Gaussian distribution.

In Figure 7, we construct a two-layer bias-free MLP equipped with tanh activations, a one-layer CNN and a one-
layer self-attention and their NQF counterparts, where the NQFs are initialized with identical small Gaussian weights
(W0, 62) with € = 0.01) as the original models. All the models are trained with Adam (full batch), MSE loss and
learning rate 0.001. We construct a binary classification task: distinguishing odd from even digits on a subset of the

50



MNIST dataset with 4000 samples. As illustrated in Figure 7, the original models and their corresponding NQFs
exhibit indistinguishable trajectories in both training loss and test accuracy. The two-layer MLP uses the hidden
dimension 20, tanh activation and no biases. The one-layer CNN uses 50 channels with kernel size 15 x 15. The
attention model uses a fixed readout vector, 10 heads and dj, = 32. The input 28 x 28 image is regarded as 28 tokens
with embedding dimension 28.

In Figure 8, We formulate a standard teacher-student regression task. We examine two architectures: a 4-layer MLP
and a 2-layer single-head attention. The inputs are drawn from a normal distribution, and the targets are generated by
a corresponding teacher model with fixed Gaussian weights. According to Propositions 1 and 2, both models can be
approximated by 2-layer NQFs. This is validated by Figure 8, where under small initialization, the training dynamics
of both models are well approximated by 2-layer NQFs but not 1-layer NQFs. The MLP has the input dimension 8,
the hidden dimension 16 and the output dimension 1. The initial weights are Gaussian with variance 0.05 under small
initialization and 0.5 under large initialization. The 2-layer attention model has the input and hidden dimension &, input
length 10 and the output dimension 1. The initial weights are Gaussian with variance 0.1 under small initialization and
1 under large initialization. The training set has 200 samples and the test set has 1000 samples. When the initialization
scale and the model are fixed, three models (original one, 2-layer NQF and 1-layer NQF) share the same initialization
and the same learning rate.

Figure 3 For the left and middle side of Figure 3, we choose m = 5, r = {1.0,0.5,0.25,0.125,0.0625} and Cyy, = 1
for all k. The initialization scale is ¢ = 107°. { A} are chosen to be diagonal matrices of size m x m. To satisfy the
condition of Theorem 6, we randomly generate a m x m orthogonal matrix and use the p—th column as the diagonal
elements of A,. We train the model using full-batch GD with learning rate 0.01 to approximate the gradient flow
and use the initialization W (0) = /€I such that 2;(0) = e. Because W remains diagonal, zx(t) = [W (&)W (¢) ]k
represents the eigenvalues of WWT,

For the right side of Figure 3, we choose {4, }fﬂo such that each matrix only has one non-zero element. Specif-
ically, we first set rp, = k72, Vi = k7% for k = 1,2,---,1000 and o7 = 2, ag = 0.8. Then we can calcu-
late Cyr = 7',%/8Vk.. We choose Ay xr = \/Crim/8 and other elements to be 0. The labels are chosen to be
yi = mry/(8Ak kk ). The initialization is chosen to be z;(0) = 107%k~12 for k = 1,2, ---,1000.

Figure4 To validate Theorem 6, we construct a synthetic dataset utilizing block-diagonal data matrices. We consider
a system with m = 4 samples and a parameter dimension of p = m x K. {A(z,)}’; are configured as diagonal
matrices with disjoint non-zero supports. Specifically, for any given sample p € {1,...,m}, only the diagonal entries
within the index block [ K, uK + K —1] are non-zero. This ensures that A(x,,)A(z,) = 0 for all u # v, satisfying the
condition required by Theorem 5. We choose K = 3 and the three non-zero elements to be 1,1.5,2. In this case (36)
remains irreducible and lacks a closed-form solution. Consequently, the theoretical trajectories presented in Figure 4

are obtained by numerically integrating the associated ODE for {£,,(t) }fFl using the standard Runge-Kutta method.

Finite-initialization Effect On the right side of Figure 3 and Figure 5, one can notice that there is a slight difference
between the empirical slope and the theoretical prediction. This is a finite-initialization effect.
Under the feature-wise descent setting in Section 6, we can approximate the excess loss through

E(k) » f V, d oc k(017D (289)
k
where k as a function of ¢ is determined by the characteristic timescale
1 Ck
t(k) ~ —1n(—) (290)
(k) e \Cge
with (i /C, o< k*27%1. We can define the effective slope as kegr = —%, where the derivatives are d};}f = —"‘IT*I
and
dlnt «s a9 — 1 a1 — Qo
=2 = -2 (291)
Ck 1 Ck
dk  k k‘[ln(c—’;)+ln(;)] k 1n(c;:€)
Combining them, we obtain
-1
ket (k. €) = 0417(“_&2. (292)
5 —
n( k)




For the experiments in Figure 3 (right) and Figure 5, we use as < a, and thus the effective slope is larger than the
theoretical prediction for finite initialization (e > 0).
We can also write ke as a function of ¢. From (290) we have

G(t)t = In(1/€) +1In (éi) ~In(1/e) + alnCy(t) + C, (293)
k
where we denote « := ("%20‘2 and C' is a constant independent of ¢, t. At the leading order of ¢ this gives
C(t)-t~In(1l/e) + alnln(l/e) - alnt + C. (294)

Taking it into (292) we obtain

ap—1 o
ke (t) ~ 1 ,
a(t) Qo +ln(l/e)+alnln(1/e)+C’—alnt

(295)
which increases as t increases, as we observe in Figure 3 (right) and Figure 5.

Figure 5 For Figure 5, we use 5 = 1.5, P = 64, M = 256 (thus 256 data points) and run full batch GD with learning
rate 0.02 for 30000 steps. The standard MLP has 256 hidden units. All models are initialized with A/(0, ?) where
e=10""%

According to Proposition 1, (50) corresponds to an NQF with

5 0 Y (x)
Ak(w)‘zﬁa[wk(w) 0 ] (296)

for the k-th hidden unit. Now we verify that the conditions in Section 6 (feature-wise descent) are satisfied. Since
A(x) is block-diagonal with elements {A,yc(a:)}kp=1 and Ay Ak, = Ak Ak, we have A, A, = A A, and thus
Assumption 1 is satisfied.

Given the block-diagonal structure, the eigenvalues associated with the k-th unit for sample pare A, , = + %ﬂ% (zp).

Because 1y, () are Fourier modes uniformly sampled on the grid, they are orthogonal, leading to ), Ak A, = 0 for
k # j, satisfying the orthogonal condition in Theorem 6.
Finally, we map the experimental variables to that in Section 6:

8 8
G 832 o = = 30 o sy = O o
m m ’ m m

. Lo 2 -2(6+8)
Therefore, the 1 decays with exponent ag = 0+ 5. V}, is given by Vj, = 82’; - o k =7

Plugging 1 and «s into Section 6, the excess loss £(t) decays asymptotically as:

= k727 identifying a1 = 253°.

ap-1 28-1

E(t) = @(t* s ) —o(t o) (298)

This provides the prediction for the scaling law in Figure 5.

Power Law on One-hot Data We can also observe power laws from one-hot data. We choose each input sample
z, € RP (for p € {1,...,m}) to be z, = \,e,, where ¢, is the basis vector (with 1 at the p-th coordinate and 0
elsewhere). We choose the scaling to be ), o< ,u’(o‘z’%l) and the label to be y,, o ;[aTl. Then we consider a
quadratic network

flx)=2"WW'Tx =Te[WWTA(z)], (299)

where A(xz) = za" = X E,,,, where E,,,, is the matrix with 1 at the (4, 1) entry and 0 elsewhere. Then we can find
that this is the identical setting of Figure 3 (right).

STheorem 9 assumes an initialization zj, (0) = eck~P0 with Bp > a1 — a2, whereas we initialize all weights from the same A(0, €2). This
does not lead to a significant difference because P = 64 is very small.
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