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Abstract

Mixture-of-experts (MoE) models enable scalable transformer architectures by activating
only a subset of experts per token. Recent evidence suggests that performance improves
with increasingly granular experts, i.e., many small experts instead of a few large ones.
However, this regime substantially increases routing cost, which can dominate computation.
We introduce the adaptive inverted-index routing for MoE (AIR-MoE), an inverted-index-
inspired routing architecture based on vector quantization (VQ). In a first stage, AIR-MoE
performs coarse shortlisting by assigning tokens to VQ codewords to construct a candidate
set of experts. In a second stage, fine scoring computes exact routing scores restricted to
this shortlist. This two-stage procedure approximates true top-K routing while avoiding
full expert scoring and, in contrast to prior work, imposing no structural constraints on
expert parameters. AIR-MoE serves as a drop-in replacement for standard routers and
requires no modifications to the model architecture or loss function. We further provide a
lower bound on the mass recall achieved by AIR-MoE that yields insights into the inner
workings. Empirically, AIR-MoE improves the perplexity—FLOPs trade-off over existing
efficient granular MoE routers, with consistent perplexity improvements up to 10 % over
the best baseline.

1 Introduction

Mixture-of-Experts (MoE; Jacobs et al. (1991)) is an ensemble learning technique where multiple so-called
expert models are jointly trained together with a routing mechanism that, for a given input, predicts weights
to create a linear combination over expert outputs. Sparse MoE (Shazeer et al., 2017) is a variant of MoE
that has become popular in recent LLM architectures (e.g., Du et al. (2022; 2025); Jiang et al. (2024)). In
a sparse MoE, only the top-K experts (in terms of router scores) are considered in the linear combination,
instead of all of them. This way, computational demands during inference are kept nearly constant as the
number of experts grows, while increasing the expressivity of the model.

Empirical scaling laws suggest that the ideal regime uses many experts with few parameters each—so-called
granular experts (Krajewski et al., 2024).! In practice, training such models is prohibitive because the
routing overhead becomes non-negligible as the amount of experts increase. In recommender systems, this
problem is known as maximum inner product search (MIPS; Shrivastava & Li (2014); Abuzaid et al. (2019)):

IWe note that similar observations have been made earlier by Clark et al. (2022).
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Figure 1: Overview of AIR-MoE. The method consists of two parts: The coarse shortlisting stage uses
vector quantization to select a codeword (blue) that stores a pre-computed expert shortlist L that references
specific expert centroids (green) and is updated after each optimizer step. The fine scoring stage takes
the shortlisted expert weights and scores them exactly. Notably, the codebook is learned via gradient-
free optimization (gear symbol) and only token representations and expert centroids are trained using the
downstream gradient (dashed orange) without straight-through estimation trick.

find the maximum (or top-K) inner product value(s) between a query vector (token representation) and a
large amount of candidate vectors (expert centroids). Prior work in MoE research addresses this challenge
either by restricting routing to predefined groups (hierarchical MoE; Shazeer et al. (2017)) or by imposing
structural constraints on expert representations (He, 2024). While these approaches reduce computational
costs, they either limit routing flexibility or introduce restrictive assumptions (see Sec. F.2) that typically
degrade performance.

In the present work, we propose to use vector quantization to construct an inverted-index-like routing
architecture, visualized in Fig. 1. For every token, in parallel, the top-K prediction procedure consists of
two steps:

1. Coarse Shortlisting: Retrieve the closest codeword and gather expert indices from the corresponding
pre-evaluated shortlist.

2. Fine Scoring: Score all inner products for token and experts within the retrieved shortlist, then use the
top-K expert indices and scores for routing.

This procedure avoids structural constraints: experts are neither partitioned (shortlists can be overlapping)
nor parametrically restricted. Instead of enforcing exact top-K routing via constraints, we deliberately
pursue a FLOP-efficient approximation, akin to approximate nearest neighbor search (Indyk & Motwani,
1998).

A central challenge that arises from the two step procedure sketched above is that the coarse shortlisting step
is not differentiable. To address this issue, we propose a bi-level optimization approach where the codebook
training is gradient-free and decoupled from the training of all other model parameters. Specifically, the
codebook is trained via an adaptive spherical k-means that gradually adapts to the internal distribution
shift.

In addition to the methodological contribution, we explore the theoretical assumptions under which the top-
K approximation of AIR-MoE is reasonable in terms of retaining probability mass in the routed shortlist
(mass recall). Specifically, we show a lower bound on the mass recall that depends on the quantization error
and the routing mass that lies outside of the top-M codeword scores.
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We summarize our main contributions as follows:

o We introduce the adaptive inverted-index for MoE (AIR-MoE), an inverted-index like routing architecture
for granular mixture-of-experts based on adaptive vector quantization that approximates the underlying
top-K experts without imposing restrictions (Sec. 3).

e To address the non-differentiability of the codebook, we propose a bi-level optimization strategy that up-
dates the router parameters via gradient descent while learning the codebook using gradient-free adaptive
spherical k-means (Sec. 3.2).

e We derive a lower bound on the retained total probability mass of AIR-MoE, thereby providing an intuition
for why and under what conditions the methods can be expected to work well (Sec. 3.3).

e We demonstrate empirically that AIR-MoE tends to perform favorably in comparison to existing routing
methods for granular MoE (Sec. 5).

Overview. Sec. 2 covers the main preliminaries of the manuscript, namely mixtures-of-expert as used in
modern LLMs (Sec. 2.1) and granular MoE (Sec. 2.2), the motivating scaling law for AIR-MoE. Thereafter,
in Sec. 3, we propose AIR-MoE, specifically forward pass (Sec. 3.1), training (Sec. 3.2) and theory (Sec. 3.3).
We then cover related work (Sec. 4) and experiments (Sec. 5). Finally, we discuss limitations in Sec. 6 and
conclude with Sec. 7.

2 Preliminaries

2.1 Mixture-of-Experts in LLMs

In transformer-based LLMs (Vaswani et al., 2017), MoEs are typically applied to feed-forward neural network
(FFN) layers with top-K inference (Shazeer et al., 2017) for compute & memory efficiency:

MoE(h) == > 7.(h)FFN}’(h), (1)
e€TopK{~(h)}

where TopK denotes the indices of the k € N largest router weights in «v(h) € R¥. The router weight for
expert e is defined as

L eXp{Ze(h)} 5 — (w
’YE(h) o Ze’ETopK{z(h)} eXP{Ze/(h)}’ e(h) ’ < e’h>’ (2)

where w, € R? for all e € {1,2,...,E} are learnable expert centroids. A common choice for the FFN
parameterization in (1) is the gated linear unit architecture of Shazeer (2020).

2.2 Granular MoE

Empirical scaling laws suggest that increasing expert granularity (using many small experts instead of a few
large ones) can improve performance (Krajewski et al., 2024). In particular,

£Q) = gt Q = mtandard 3)

dexpert

where @) denotes the granularity with reference dimension dstandara and expert dimension dexpert. The
variables a,b,c are positive constants. However, this regime substantially increases routing cost, as the
router must evaluate inner products wg—h across many experts.

The next section introduces our approach for reducing this routing overhead.
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Algorithm 1: AIR-MoE Forward Pass

Input: Token batch H = {h,}{_,, codebook C = {c,}{_;, expert centroids W, shortlist size M,
K (for top-K selection), jitter € > 0
Output: Selected expert indices T and scores zg

1 W + Ilga(we), Ve € [F] // normalize expert centroids

2 for s+ 1to S do

) Coarse Shortlisting
3 L gs 4 arg max,e(q) Simeos(hs, ¢g)

4 if shortlist cache is invalid then // refresh only after optimizer update
5 for g+ 1 to G do

6 m ~ N(0,€T)

7 Ly < TopM ¢ (g (<Cgv We) + 771)

8

9 for s+ 1to S do
10 12 ~ N (0, €%T)
11 Ts,2s < TopK.cp, (<hs,We> +772) // gradients do not pass to C

Fine Scoring

12

13 return {7T,z,}5_,

3 Adaptive Inverted-Index Routing for Mixture-of-Experts (AIR-MoE)

The full forward pass of an AIR-MoE router is shown in Alg. 1. We stress that in practice, we parallelize Alg. 1
over tokens and codewords and do not require looping (see Sec. C).

3.1 Forward Pass

Two-Stage Retrieval. The essence is a retrieval-style routing that first shortlists a set of candidate experts
Lg, (“coarse”) before evaluating the final expert scores within the shortlist set 7' (“fine”), thereby reducing
computational cost. Specifically, this leads to the subset hierarchy

T c L c [\E’]/ . (4)

top-K index set shortlist full set of experts

Coarse Shortlisting. To obtain a shortlist for an input token h, € R? within a batch of tokens H :=
{h,}5_,, we employ vector quantization (Gray, 1984; Linde et al., 1980). Specifically, we map each input

token h, to a codeword from a codebook C' = {ci,...,cg} of size G.? We use cosine similarity for the
mapping:
. . X,y
gs = argmax simeos(hs, cg), SiMcos(X,y) = u (5)
9€lG] [[I[ Iyl

The assigned codeword is then given by c(hy) = c,4,. Each codeword c, in turn stores a shortlist L(c,),
which is refreshed using the same rule (5), after each optimizer step by scanning the entire set of experts.
This yields a learned inverted-index over experts, where codewords define coarse cells and each shortlist
corresponds to a posting list of candidate experts. While this incurs a computational cost of O(EGd), the
computation is amortized across the effective batch because it is independent of the number of tokens being
routed, making the arithmetic cost independent of the number of routed tokens for a fixed optimizer step,
and therefore increasingly favorable in large effective-batch regimes.

2in practice, we note that G < FE to obtain computational gains.
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Fine Scoring. After a shortlist is retrieved, the final stage scores each token exactly within the shortlist.
In this way, both an approximation Ty C L, of the top-K indices and corresponding scores z, € R* are
obtained that represent the active experts and their mixture weights, respectively.

Implementation Details. To prevent experts from starvation, we employ switch transformer style load
balancing and jitter (Fedus et al., 2022). In order to encourage exploration both on shortlist and token
level, we apply jitter twice to each stage (Alg. 1, lines 6, 10). Another relevant aspect is the projection of
expert centroids onto the unit sphere Ilga(w,) := w,/ ||w,|| (Alg. 1, line 1). Doing so has been shown to be
beneficial by Nguyen et al. (2024). In addition, the normalization is important to ensure tightness of the
centroid approximation (Sec. B, which proves Prop. 1).

3.2 Training

Training AIR-MoE separates the gradient-based optimization of model parameters from the gradient-free
adaptation of the codebook. The token representations and expert centroids are updated through the down-
stream language-modeling objective, whereas the codebook tracks the evolving representation distribution
via an adaptive spherical k-means algorithm. We describe both components below and provide the full
optimization loop in Sec. A.

Gradient-Free Codebook Training. A key aspect in learning the codebook C is that no gradients flow
from the router output to C, because C is only used for shortlisting experts (Alg. 1, line 7), while the
actual score computation is done using the token representations H (Alg. 1, line 11). To make sure that a
good codebook is learned, we use an adaptive spherical k-means algorithm (Alg. 2; adaptation of McQueen
(1967)) to minimize the expected quantization error, decoupled from the training of model parameters. The
proposed algorithm (Alg. 2) combines three ideas:

1. Exponential moving average (Van Den Oord et al. (2017); EMA; Alg. 2: lines 7, 8): To model the gradual
drift of the distribution of internal representations, we use an exponential moving average approach.
Notably, we perform EMA for both the codewords M and the counts n.

2. Spherical k-means (Dhillon & Modha (2001); Alg. 2: lines 2, 13): Spherical k-means updates codewords

and data points after projecting them onto the unit sphere S?. We adopt this technique as it is well-known
to yield better results in high dimensions (e.g., Lelu & Cadot (2019)).

3. Reinitialization of inactive codes (Williams et al. (2020); Alg. 2: line 11): A challenge in learning code-
books is that codewords can die, because non-selected codewords are not updated.®> We therefore replace
codewords whose estimated average count falls below a threshold 7 > 0 by random token representations
from the current batch.

Representation and Centroid Training. The internal representations H and the expert centroids W,
in contrast to the codebook, obtain a gradient signal from the downstream prediction loss. In contrast to
common vector quantization approaches for machine learning (e.g., Van Den Oord et al. (2017); Esser et al.
(2021); Razavi et al. (2019)), AIR-MoE does not use the straight-through estimation trick (Bengio et al.,
2013). Instead, all gradients come directly from the downstream loss and do not pass the quantization stage,
as shown in Fig. 1.

3.3 When does the shortlist preserve routing mass?

Instead of capturing the exact top-K experts per token, we instead strive for selecting experts whose output
probabilities are large. To this end, per token with embedding h, we define the full routing distribution

e epEm)
W= S ewemy

3This phenomenon is analogous to dying experts in sparse MoE architectures.
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Algorithm 2: Gradient-Free Codebook Update (Adaptive Spherical K-Means)

Input: Token batch H := {h,}J_, C R?, codebook C = {c,}5_; C R?, decay v € [0,1), running
counts n = {ny}5_,, running sums M := {m,}5_, C R%, dead-code threshold 7

Output: Updated codebook C, running counts n, running sums m

1 for s+ 1to S do

2 h/, + TIga(hy) // normalize token state

3 | gs < argmaxge[qg simeos (h, cg) // assign token to nearest codeword

4 for g <1 to G do

5 nbateh Zle 1[gs = ¢ // batch assignment count

6 mpateh ZSS:1 1[gs = g]h’ // batch sum of assigned token states
ng < yng + (1 —y)nbath // EMA update of counts

8 | my < ymg+ (1 —7)mpaich // EMA update of sums

9 if ng <7 then

10 u ~ Unif([S]) // sample replacement token

11 m, < h),

12 ng <1

13 | ¢y« Iga(my) // update codeword & normalize

14 return C,n,M

and the retained routing mass

MassRecall(h) := Z 7e(h).
e€L(c(h))
ProPOSITION 1 (Routing Mass Preservation). Let e(h) = ||h — c¢(h)|| and let L(c(h)) denote the

top-M exzperts under (c(h),w.). Then
MassRecall(h) > exp(—2¢(h)) pas(c(h)),

where

e€L(c(h))

18 the routing mass captured by the codeword shortlist.

The bound highlights two factors: (i) the quantization error e(h), which should be small for accurate code-
books, and (ii) the shortlist mass pas(c(h)), which increases with M. Hence, AIR-MoE retains most routing
mass when tokens are well quantized and the shortlist is sufficiently large.

4 Related Work

Granular MoE. One line of research by Roller et al. (2021); Nogueira Dos Santos et al. (2024) uses
fixed (i.e., not learned) hash-table routers in order to increase routing efficiency, though such approaches
have been shown both empirically and theoretically to be fundamentally limited (Clark et al., 2022; Dikkala
et al., 2023). One more recent method by He (2024) aims at reducing routing overhead, while keeping routers
learnable: The proposed router architecture uses the product-key retrieval method (Lample et al., 2019) to
split expert centroids into two parts (which can be evaluated separately), reducing routing overhead from
O(SEd) to O(Sd(vE 4 K?)). Just as the present work, He (2024) use a two-stage retrieval method to score
experts. In contrast to the present work, the approach by He (2024) allows for exact retrieval of the top-K
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experts, while AIR-MoE is an approzimation of the top-K. However, He (2024) pay the price of imposing a
specific structure on the expert centroids W, which restricts the space of admissible expert representations:
W is computed as a Cartesian product over two prototypes. The expert centroids of AIR-MoE, in contrast,
are not limited and can therefore model token-expert dependencies more flexibly. Another difference is that
the method by He (2024) scales quadratically in the amount of active experts k, which necessitates modifying
the MoE architecture to compute expert outputs over multiple heads with smaller k& for compensation. AIR-
MokE;, in contrast, does not require such modifications of the routing architecture and is therefore simpler to
use as a drop-in replacement for existing MoE architectures.

Grouping in MoE. The present work can be categorized into a broader class of approaches based on
grouping experts, either with overlapping (Su et al., 2024b; Tang et al., 2025) or non-overlapping groups (Jor-
dan & Jacobs, 1991; 1994; Shazeer et al., 2017). Similar to the present work, Su et al. (2024b); Tang et al.
(2025); Xie et al. (2023) generate groups of experts. However, these groups are not created to reduce com-
putational cost, but instead as a means for avoiding load imbalance Su et al. (2024b); Tang et al. (2025) or
“overfitting” (Xie et al., 2023). Hierarchical MoEs (Jordan & Jacobs, 1991; 1994; Shazeer et al., 2017) also
employ non-overlapping groups to reduce computation. In contrast to AIR-MoE, however, hierarchical MoEs
partition experts into fixed sub-groups, restricting routing to experts within the selected groups. While this
avoids the need to recompute codebook—expert scores (Alg. 1, line 7), it limits expressivity by preventing
globally reusable experts. Furthermore, hierarchical MoEs typically learn group selection through additive
group and expert scores, whereas AIR-MoE forms groups via vector quantization.

Vector Quantization in MoE. A prior work that studies vector quantization in MoE is by Do et al.
(2024). Like AIR-MoE, Do et al. (2024) employ vector quantization to encode token vectors. In contrast
to the present work, however, Do et al. (2024) do not use the codewords to create a retrieval index. In-
stead, vector quantization is used to score experts. Thus, the method by Do et al. (2024) comes with no
computational benefits and does not serve the purpose of granular MoE.

Inverted File Indices & Differentiable Retrieval. Our approach is closely related to inverted file in-
dices (IVF; Salton et al. (1983); Sivic & Zisserman (2003); Johnson et al. (2019)), which perform approximate
nearest neighbor search via a coarse-to-fine strategy. A coarse quantizer partitions the space, and queries
are restricted to a small number of cells before performing exact scoring within the corresponding candidate
sets. AIR-MokE follows the same principle for mixture-of-experts routing: learned shortlist embeddings act
as coarse centroids, and each shortlist induces a shortlist of candidate experts that are re-scored exactly. In
contrast to classical IVF systems, which are typically constructed offline over a fixed database, our method
is trained end-to-end and jointly learns both the quantization and expert representations in an adaptive
fashion. Recent work has therefore begun to blur the boundary between indexing and retrieval by learning
index representations jointly with the retrieval model (Wang et al., 2022; Zhuang et al., 2022). Our method
contributes to this direction by enabling FLOP-efficient approximate MIPS in a gradient-compatible manner
without restricting the expert space of MoE architectures.

5 Experiments
We aim to answer the following questions: (1) How does AIR-MoE compare with existing techniques for

granular MoE? (2) How does AIR-MoE compare with coarse MoE architectures? (3) How do the different
components of AIR-MoE affect performance?

Reproducibility. All source code, including instructions in the README.md, are available at
https://anonymous.4open.science/r/adaptive inverted index routing code-D6FE/.

5.1 Setup

We describe the core setup here and defer details to Sec. E.
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Table 1: Main results. Perplexity (PPL) and training FLOPs for models with 65,536 experts across
different model sizes and datasets. FLOPs correspond to the amount of FLOPs at PPL minimum.
Best results are highlighted in bold. ATR-MoE consistently achieves a favorable trade-off compared to ex-
isting granular MoE approaches, as well as the coarse approach. While the standard granular baseline
attains the lowest PPL, it incurs prohibitive computational cost and is therefore shown in gray. All other
metrics are shown in Sec. F.1

WikiText-103 C5 OpenWebText2
Size Method PPL | FLOPs|] PPL| FLOPs| PPL] FLOPs]|
AIR 21.82 324.1P 131.81 625.5P 32.14 505.0P
PEER 22.25 352.8P 145.32 626.3P 33.10 505.6P
Small Hierarchical 22.55 350.4P 147.99 622.6P 36.05 502.6P
Std. Granular 21.34 467.5P 132.34 817.2P 31.56 648.3P
Std. Coarse 23.84 342.5P 151.99 611.7P 36.05 493.9P
AIR 18.62 755.9P 30.39 4.1E 20.51 3.6E
PEER 18.71 751.0P 31.60 4.1E 21.30 3.5E

Medium  Hierarchical 19.27 954.7P 33.08 4.1E 23.07 3.5E
Std. Coarse 18.79 836.7P 32.10 4.0E 21.25 3.5E

AIR - - 41.25 14.3E 16.65 11.2E
Large PEER - - 45.37 14.0E 17.88 11.2E
Hierarchical - - 45.65 14.4E 18.17 11.3E
Std. Coarse - - 43.13 13.2E 16.98 11.3E

Datasets. We evaluate on WikiText-103 (Merity et al., 2017), C5 (Common Crawl Foundation, 2025), and
OpenWebText2 (Gao et al., 2020).

Baselines. (1) Coarse MoE with K = 1 (matched active parameters), (2) granular MoE with standard
routing, (3) granular PEER routing (He, 2024), (4) granular hierarchical MoE (Shazeer et al., 2017).

Metrics. Perplexity (PPL; |); entropy over expert usage —E;[log p| (Entropy); fraction of dead experts,
i.e., experts that do not receive a single token (Dead Experts); overlap fraction between top-K estimate and
true top-K (Overlap; only for AIR-MoE).

Architecture. We use the Llama3 transformer (Grattafiori et al., 2024), replacing the middle FFN with
a MoE layer that consists of tiny experts with a single intermediate dimension (He, 2024) and adding post-
MOoE layer normalization (Ba et al., 2016; Krajewski et al., 2024). We report results for small (= 61M
parameters), medium (= 0.27B parameters), and large (=~ 0.45B parameters) models. For WikiText-103, a
relatively small data set, we omit the large model due to strong overfitting.

Training. We use standard pre-training hyperparameters (see Sec. E.4) and align baselines by active
parameters (details in Sec. E.4.2). For WikiText-103, we train for 10 epochs. For C5 and OpenWebText2,
we use 10x the amount of model parameters in tokens.

5.2 Main Results

The main results, shown in Tab. 1 and Fig. 2, demonstrate the merits of the proposed routing architec-
ture: AIR-MoE yields consistent gains over the considered efficient granular MoE baselines across datasets
and model sizes. While AIR-MoE performs slightly worse than the standard granular approach, which
scores all expert scores exactly, the latter is substantially more expensive in terms of training FLOPs; for

40n C5, the large models obtain worse PPL than the medium models across all routing methods. Inspection of the validation
curves suggests that this is an optimization effect under the fixed token budget and learning-rate schedule.
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Figure 2: Relative Reduction in PPL. The plots show the relative improvement in PPL with respect
to the best baseline (PEER). Larger means better. AIR-MoE achieves consistent PPL improvements (up to

10%) in comparison to the PEER baseline, across model sizes and data sets.

Table 2: Ablation results. Results shown for WikiText-103, small model. The results confirm that the
different components of AIR-MoE are relevant.

Ablation PPL | FLOPs ] Dead Experts | Overlap 1t Entropy 1
AIR 21.72 324.1P 0.0% 0.64 10.80
Euclidean 21.83 324.1P 0.3% 0.64 10.81
Expert Choice 22.77 357.5P 78.6% 0.74 9.53
Missing Normalization  21.96  324.1P 0.7% 0.66 10.73
Static Code 23.27 360.1P 42.4% 0.07 10.24

example, on WikiText-103 Small, standard granular routing requires 467.5P FLOPs compared to 324.1P for
ATR-MoE. Compared to hierarchical and PEER, routers, AIR-MoE achieves persistent PPL reductions of up
to 10% relative to PEER at similar FLOP cost (Fig. 2).

5.3 Ablation Studies

We ablate key components of AIR-MoE on the small model using WikiText-103.

Ablations. We consider the following variants: (1) No centroid projection. We remove the projection
of expert centroids onto the unit sphere in Alg. 1, thereby decoupling routing from cosine geometry. (2)
Non-adaptive codebook. The codebook is initialized from randomly selected training tokens and kept fixed,
removing adaptivity to the evolving representation space. (3) Expert-choice gating. We replace standard load
balancing (Fedus et al., 2022) with expert-choice routing (Zhou et al., 2022). Experts outside the shortlist
receive a routing score of —oco. (4) Euclidean assignment. We replace spherical k-means with Euclidean
clustering by removing normalization in Alg. 2.

Results. As shown in Tab. 2, AIR-MoFE achieves the best perplexity and lowest fraction of dead experts.
Removing normalization has some negative effect on perplexity, while having no considerable effect in terms
of FLOPs. Using Euclidean distance similarly slightly decreases perplexity and expert usage at comparable
FLOPs. Expert-choice gating attains the highest overlap, but at the cost of severe under-utilization (78.6%
dead experts), showing that overlap alone is not a reliable proxy for effective routing. The static codebook
achieves the worst overall results, confirming the effectivity of the adaptive codebook.
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6 Discussion & Limitations

Shortlist Updates. A distinguishing feature of AIR-MokE is that, unlike prior approaches, it updates all
shortlists after each optimizer step (Sec. 3.1). This incurs a computational cost of O(EGd) per update,
where G denotes the codebook size and E the number of experts. In practice, this overhead is typically
tolerable because it is independent of the effective batch size (that is, the micro batch size multiplied by the
amount of gradient accumulation steps). Nevertheless, the resulting FLOP savings depend strongly on G,
E, and the effective batch size S.

Beyond Router FLOPs. Following prior work (He, 2024), this work primarily studies the trade-off be-
tween perplexity and training FLOPs. We emphasize, however, that FLOP reductions alone do not guarantee
proportional wall-clock speedups without appropriate hardware support and optimized implementations (Fe-
dus et al., 2022; Lepikhin et al., 2021). This is particularly relevant in the granular MoE regime, where using
a large number of experts can introduce substantial router-independent overhead due to memory traffic, in-
dexing, and irregular expert usage. Our current implementation does not fully eliminate these systems-level
costs. Bridging this gap through hardware-aware implementations and optimized kernels is an important
direction for future work.

Dimensionality Reduction. AIR-MoE works in the original token space without dimensionality reduc-
tion. Another orthogonal direction is to reduce the dimensionality of tokens either via learned (e.g., Chi
et al. (2022)) or randomized (e.g., Achlioptas et al. (2001)) dimensionality reduction before feeding them
into the router.

7 Conclusion

We introduced AIR-MoE, an inverted-index-inspired routing architecture for granular mixture-of-experts.
By using a vector-quantization-based coarse-to-fine scheme, AIR-MoE approximates top-K routing without
fixed grouping or imposing structural constraints on expert representations. We further proposed a bi-level
training strategy for learning the adaptive codebook and provided a lower bound on the retained routing
mass. Empirically, AIR-MoE achieves a favorable perplexity—FLOPs trade-off in granular MoE settings,
comparing favorably to existing FLOP-efficient routing approaches while remaining substantially cheaper
than exact granular routing. Overall, our results suggest that inverted-index structures provide an effective
mechanism for routing in sparse mixture-of-experts architectures.
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token
representations H

@

codebook C

Figure 3: Feedback Loop. AIR-MoE forms a bi-level optimization loop between gradient-learned token
representations and a codebook updated via adaptive clustering.

A Full Optimization Loop

Alg. 3 summarizes the full training procedure of AIR-MoE. The algorithm can be viewed as a bi-level op-
timization loop between gradient-trained model parameters and a gradient-free adaptive codebook. Let 6
denote all parameters trained by backpropagation, including transformer parameters, expert FFN param-
eters, and expert centroids W. In contrast, the codebook C and its exponential-moving-average statistics
(n, M) are auxiliary router state and are not updated by the optimizer.

Importantly, the codeword-to-expert shortlists are not recomputed during the forward pass. Instead, the
forward pass uses the currently cached shortlists. The cache is refreshed only after an optimizer step, using
the updated expert centroids and the updated codebook.

B Proof for Prop. 1

Proof. Let ¢ = ¢(h) denote the assigned codeword and define
e(h) = b c.

Further, let
L(c) = TopM,¢(g){c, We)

denote the shortlist induced by the codeword. By definition,

EEEL(C) eXp{ze(h)}
MassRecall(h) = me(h) = .
. Z() . i exp{z;(h)}

We first compare token and codeword logits. By the Cauchy-Schwarz inequality, for any expert e € [E],
2e(B) = z(0)] = [(We,h—c)| < [well[h—¢| < e(h),

where the last step uses the assumption ||w.| < 1. Hence, for every e € [E],
ze(h) > z.(c) —e(h) and  z.(h) < z.(c)+ e(h).

Exponentiating yields
exp{ze(h)} > exp(—e(h)) exp{zc(c)},

and
exp{ze(h)} < exp(e(h)) exp{z.(c)}.
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Algorithm 3: Full Optimization Loop for AIR-MoE

Input: Training data D; initial parameters 6g; initial codebook Cp; EMA counts ng; EMA sums
My; optimizer optim; training horizon T'; gradient accumulation steps A; shortlist size
M; top-K

Output: Trained parameters #7 and codebook Cr

1 Initialize empty shortlist cache {L,}5, « @
2 fort«+0,1,...,7—1do

3 optim.zero_grad()
fora+1,...,Ado

5 Dy ~D // sample micro-batch
6 Compute token representations H; = {h,}5_, using parameters 6;

7 // gradient-free codebook update

(Ct,ne, My, {gs}5_1) < ADAPTIVESPHERICALKMEANS(H;, Cy, g, M)

9 // codeword assignment

10 for s + 1 to S do

11 L gs 4 argmax,c(¢| Simeos(hs, cg)

12 // normalize expert centroids for routing

13 we + Ilge(w,), Ve € [E]

14 // lazily construct codeword-to-expert shortlists

15 if shortlist cache is empty then

16 for g+ 1 to G do

17 m ~ N(0,€T)

18 Lg < TopM,¢(g({cg, We) +m1) // cache integer expert indices
19 // fine scoring within cached shortlists

20 for s + 1 to S do

21 n2 ~ N(0,€%T)

22 Ts,zs < TopKep, ((hs, we) + 12)

23 Compute prediction loss Ly

24 Compute load balancing L, outer

25 L Lim + Lrouter

26 Backpropagate £/A // gradients update #, not C;
27 // gradient update of model parameters
28 0¢1+1 < optim.step(6;)
29 // invalidate shortlist cache after optimizer step
30 {Lg}?:1 — O

31 return 07, Cr

Applying the lower bound in the numerator and the upper bound in the denominator gives

ZeeL(c) exp{zc(h)} N exp(—€(h)) zeeL(c) exp{z.(c)}
S exp{z(h)} —  exp(e(h) SF exp{z(e)}

MassRecall(h) =

Therefore,
ZeEL(c) eXp{Ze(C)}

MassRecall(h) > exp(—2¢(h
(h) > exp(—2¢(h)) ST explz) ()}
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It remains to identify the fraction on the right-hand side. By the definition of the full routing distribution
at the codeword,
exp{ze(c)}

SF exp{zi(c)}

= Z me(c) =1— Z me(c).

me(c) = ,

hence

ZeGL(c) eXp{Ze(C)}

E
Zj:l eXp{Zj (C)} ecL(c) e¢ L(c)
Using the definition
pu(e) = 3 (o),
e€L(c)
we obtain
MassRecall(h) > exp(—2e(h)) pas(c),

which proves the desired result. O

C Further Implementation Details

Overview. Sec. C shows a simplified PyTorch-style implementation of the proposed AIRRouter. The goal
of the router is to reduce routing cost by restricting the set of experts considered for each token using a
vector-quantization (VQ) based coarse-to-fine selection strategy.

Step 1: Shortlist selection. Each token representation h € R is assigned to a shortlist centroid using
a vector-quantization module (AdaptiveKmeans). This produces a discrete shortlist index per token as well
as a vector quantization loss that encourages balanced usage of shortlists and stable codebook learning.

Step 2: Experts per shortlist. For each shortlist centroid, a fixed subset of experts is selected. This is
implemented by computing similarities between shortlist centroids and expert feature vectors, followed by a
top-M selection. This step defines a coarse shortlist of candidate experts per shortlist.

Step 3: Candidate scoring. FEach token is only scored against experts belonging to its selected shortlist.
This avoids computing scores for all experts and reduces complexity from O(TE) to O(T M), where T is the
number of tokens, E the total number of experts, and M < F.

Step 4: Final expert selection. From the candidate set, the router performs a standard top-K selection
per token. The selected experts and their normalized softmax weights define the routing decision.

Omitted components. For clarity, Sec. C omits several implementation details that are present in the
full version used in experiments:

 load-balancing losses for experts and shortlists,
e expert-choice routing with capacity constraints,
e jitter noise for exploration,

e caching of shortlist-to-expert assignments,

e chunked computation for memory efficiency,

e overlap estimation with exact routing,

o logging and diagnostic metrics.

These components do not change the conceptual routing mechanism, but are included in the full implemen-
tation for improved training stability and scalability.
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def

def

import torch
import torch.nn as nn

class AIRRouter(nn.Module):
"mgltra-minimal readable version.

nmmnn

__init__(self, hidden_size, num_experts, num_shortlists,
top_k=2, experts_per_shortlist=128):

super () .__init__Q)

self.top_k = top_k

self.experts_per_shortlist = experts_per_shortlist

self.shortlist_codebook = AdaptiveKmeans(
num_embed=num_shortlists,
embed_dim=hidden_size

self.expert_features = nn.Parameter(
torch.empty(num_experts, hidden_size)
)

nn.init.xavier_uniform_(self.expert_features)

forward(self, hidden_states):

# Flatten tokens

B, L, H = hidden_states.shape

hidden_states = hidden_states.reshape(-1, H) # [T, H]

# -—-—— 1) Select shortlist per token (VQ) —-—--
shortlist_idx = self.shortlist_codebook(hidden_states)

# —-——- 2) Top experts per shortlist —--—-
shortlist_centroids = self.shortlist_codebook.get_embedding_weights()
shortlist_expert_scores = shortlist_centroids @ self.expert_features.t()
top = torch.topk(shortlist_expert_scores,

k=self.experts_per_shortlist, dim=-1)
top_experts_per_shortlist = top.indices # [S, M]

# —-——- 3) Score token against shortlist candidates —----—
shortlist_idx = shortlist_idx.view(-1)

cand_experts = top_experts_per_shortlist[shortlist_idx]
cand_features = self.expert_features[cand_experts] # [T, M, HI
scores = torch.einsum("th,tmh->tm", hidden_states, cand_features)

# —-——- 4) Final top-$K$ experts ----

top_scores, top_pos = torch.topk(scores, k=self.top_k, dim=-1)
top_experts = cand_experts.gather (1, top_pos) # [T, k]
# —-——- 5) Normalize routing weights —----

top_weights = torch.softmax(top_scores, dim=-1) # [T, k]

return top_weights, top_experts

Listing 1: Simplified PyTorch-like code for the AIR-Router.
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D FLOP Analysis

We estimate computational cost using torch.utils.flop_counter and extend the default registry with
custom formulas for operations that are either not covered or insufficiently modeled by PyTorch. All results
in the paper report analytical FLOP counts obtained from traced operator graphs.

Counting convention. We count one floating-point addition, subtraction, multiplication, division, expo-
nential, logarithm, or square root as one FLOP. Elementwise operators therefore contribute one FLOP per
output element. Our goal is consistency across methods rather than exact hardware-level instruction counts.

D.1 Elementwise and Reduction Operations
For standard elementwise arithmetic (add, sub, mul, div) we count
FLOPs = numel(x). (6)

For common nonlinearities we use fixed per-element costs:

exp, log, sqrt, rsqrt: 1, (7)
sigmoid, silu: 3, (8)
gelu: 6. (9)
Reductions are approximated as
mean : numel(z) + 1, (10)
sum, var_mean : 2numel(z). (11)

D.2 Softmax

For softmax over dimension size dy, with N = numel(z) we use

N
FLOPs = 2N +

12
dSHl ’ ( )

corresponding to one exponential and one division per element plus the reduction cost. The backward pass
is approximated as 5 numel(z) FLOPs.

D.3 Normalization Layers

Let d denote the normalized dimension and V' the number of normalized vectors.

LayerNorm.
FLOPs =V (4d + d + Lyeightd + Lbiasd)- (13)

The backward pass is approximated as 8Vd.

RMSNorm.
FLOPs = V (4d + Lyeigned), (14)

with the same backward approximation 8Vd.

BatchNorm. For N = numel(z) and C channels we use
FLOPs = (2N +2C) + pN, (15)

where p = 2 plus optional affine operations.
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D.4 Attention
For scaled dot-product attention with query shape (b, h, s4,d) and key length sz, we count
FLOPs = 4bhsgsid + 2bhsgsy, (16)

covering QK T, softmax, and attention—value multiplication. This formula is applied to both standard and
fused attention kernels.

D.5 Routing and Indexing Operations

We also account for routing-related operators.

top-K. For selection over size n with batch size B:
FLOPs = Bnlog,(k + 1), (17)

corresponding to an O(nlog k) approximation.

Gather and scatter. For gather, index_add, scatter, and related operators, we count one unit per
affected element:
FLOPs = numel(affected elements). (18)

E Experimental Setup

E.1 Data

WikiText-103 (Merity et al., 2017) is a language modeling dataset derived from verified Good and Featured
articles on Wikipedia. It contains approximately 103 million tokens in total, with about 103M tokens for
training, 217K for validation, and 245K for testing. The dataset preserves the original article structure and
long-range dependencies, making it suitable for evaluating long-context language modeling performance.

C5 (Raffel et al., 2020) is a large-scale web text corpus constructed as an extension of the Colossal Clean
Crawled Corpus (C4). It contains approximately 87 billion tokens after filtering and deduplication. Similar
to C4, the data is obtained from Common Crawl and cleaned using heuristic filtering rules to remove low-
quality, boilerplate, and non-natural language content.

OpenWebText2 (Gao et al., 2020; Biderman et al., 2022) is a large-scale English web text corpus and a
major component of The Pile. It comprises approximately 65 GiB of raw text (corresponding to roughly
15-20 billion tokens), collected from outbound Reddit links and filtered to resemble the distribution of
high-quality web text.

E.2 Training

All runs use AdamW with B; = 0.9, B2 = 0.95, ¢ = 1078, weight decay 0.1, gradient clipping at 1.0, seed
42, and best-checkpoint selection by validation loss (lower is better). Logging is performed every 500 steps,
with at most 2 checkpoints retained.

Dataset Size/Config Block Eff. BS/dev Eval Strat.  Eval Freq. LR Sched. Peak LR Prec.
OpenWebText2 small 1024 16 steps 500 steps linear (5% warmup) 3e—4 fpl6
OpenWebText2 medium 1024 16 steps 500 steps linear (5% warmup) 3e—4 fpl6
OpenWebText2 large 1024 32 steps 500 steps linear (5% warmup) 3e—4 fpl6
C5 small 1024 16 steps 500 steps linear (5% warmup) 3e—4 fpl6
C5 medium 1024 16 steps 500 steps linear (5% warmup) 3e—4 fpl6
C5 large 1024 32 steps 500 steps linear (5% warmup) 3e—4 1pl6
WikiText-103  small 256 16 epoch every epoch linear (5% warmup) 3e—4 fpl6
WikiText-103  medium 256 16 epoch every epoch linear (5% warmup) 3e—4 fpl6
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E.3 Architectures

Across all three scales, we maintain a consistent foundational setup to ensure fair comparisons. Every model
utilizes the LLaMA-3 tokenizer with a vocabulary size of 128,256 and is trained with a maximum sequence
length of 2048 tokens. We employ Rotary Positional Embeddings (Su et al. (2024a); RoPE) with a base
frequency of # = 500,000 to handle positional information, and we tie the token embedding weights with
the pre-softmax output projection to improve parameter efficiency. Furthermore, each variant leverages
Grouped-Query Attention (Ainslie et al. (2023); GQA) with a 4:1 ratio of query heads to key/value heads,
optimizing inference throughput without sacrificing representational power.

The primary axes of scaling across our models are depth (number of hidden layers), width (hidden dimen-
sion dmodel and FFN intermediate dimension dgy,), and attention capacity. The specific hyperparameter
configurations for each scale are detailed below:

Hyperparameter Small Medium Large
Hidden Dimension (dmodel) 256 512 768
Intermediate Dimension (dgy ) 768 1536 2048
Number of Layers 16 24 24
Attention Heads (npeads) 4 8 12
Key/Value Heads (niy heads) 1 2 4
Vocabulary Size 128,256

Max Sequence Length 2048

RoPE Base (6) 5 x 10°

Tied Embeddings True

E.4 Hyperparameters
E.4.1 Scale-invariant Hyperparameters

AIR-MoE. Across all experiments, we set 7 = 0.95, 7 = 1.0, load balancing weight A = 5-10~° and noise
variance € = 0.01. We stress that these parameters are used across all experiments without separate tuning.

Hierarchical Router. Analogously to AIR-MoE, we set ¢ = 0.01 and apply it at both the cluster selection
and expert selection level.

Standard Granular. Across all experiments, we set € = 0.01 and use dropless expert-choice gating.
Standard Coarse. Across all experiments, we set € = 0.01 and use dropless expert-choice gating.

E.4.2 MoE Configurations

To ensure fair and meaningful comparisons across all MoE routing methods, we enforce a set of rules that
govern how each method’s hyperparameters are set relative to one another. These rules are applied uniformly
across all model sizes.

Notation. Let E denote the total number of experts, K the number of experts activated per token (active-
K), and [ the number of coarse-level candidates selected before fine-grained routing (needed for the hierar-
chical router, AIR-MoE always has | = 1). For the PEER router, which maintains P independent routing
heads, the effective active-K is K - P. In practice, in line with the original paper (He, 2024), we choose P = 8
and choose K such the total amount of active experts matches the amount of active experts of AIR-MoE
(that is, Kpggr = %) For each model size, we use the same with a fixed effective active-K budget,
specifically K = 512.
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Intra-method constraints. Each router must satisfy a set of structural feasibility conditions:

o Adaptive Inverted-Index (AIR) router. The candidate pool must cover at least K experts:
1 |Esnortlist| > K, where |Eshortiist| 18 the number of experts per VQ code. Additionally, no code may
cover more experts than exist: |Egportiist| < F-

e Hierarchical router. Experts must partition evenly into G clusters: F mod G = 0. The selected
clusters must suffice to cover K active experts: [ - (E/G) > K.

Cross-method fairness. All methods compared within the same experiment are constrained to be equiv-
alent along three dimensions:

A. Equal active-K. The effective number of experts activated per token is held fixed across all granular
methods. For PEER this is K - P; for all other methods it is K directly. This ensures that the total
compute per token (in terms of expert FLOPs) is comparable.

B. Equal coarse structure. The VQ router uses G codebook shortlists and the hierarchical router
uses G clusters. We enforce this to be equal so that the coarseness of the two-stage selection process
is matched.

C. Equal candidate pool. Beyond equal active-K, we additionally match the number of candidate
experts scored before final selection: [ - |Eghortiist| for VQ and - (E/G) for hierarchical routing.

Coarse baseline equivalence. The standard coarse MoE baseline (top-1 routing over large experts) is
constructed to be parameter-equivalent to the granular model. Specifically, given granular active-k and E
granular experts each of intermediate size d, the coarse model uses k = 1 with Ecoarse = [ E/k] experts each
of intermediate size d - k. This ensures the active parameter count per forward pass is matched.

E.5 Hardware

All experiments are run on an internal HTCondor cluster. The individual experiments are run on the
following hardware setups:

Dataset Size/Config GPU Name # GPUs # CPUs # processes host RAM
OpenWebText2  small NVIDIA A100-SXM4-80GB 4 16 4 120
OpenWebText2 medium NVIDIA A100-SXM4-80GB 4 16 4 120
OpenWebText2 large NVIDIA H100 80GB HBM3 4 32 4 240
C5 small NVIDIA A100-SXM4-80GB 4 16 4 200
C5 medium NVIDIA A100-SXM4-80GB 4 16 4 200
C5 large NVIDIA H100 80GB HBM3 4 32 4 240
WikiText-103 small NVIDIA A100-SXM4-80GB 4 16 4 120
WikiText-103 medium NVIDIA A100-SXM4-80GB 4 16 4 120

F Additional Experimental Results

F.1 Additional Metrics

The additional metrics, shown in Tab. 3, provide more information about AIR-MoE: the dying expert
problem is effectively alleviated and routing entropy is similar to the routing entropy of other techniques.
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Table 3: Results across datasets and model sizes.

Method PPL | FLOPs|] Dead Experts | Entropy 1
Dataset: C5 | Size: small

AIR 131.81 625.8P 0.1% 9.51
PEER 145.32 626.5P 0.0% 9.96
Hierarchical 147.99 622.8P 0.0% 10.15
Std. Coarse  151.99  612.0P 0.0% 3.90
Dataset: C5 | Size: medium

AIR 30.39 4.1E 0.0% 10.09
PEER 31.60 4.1E 0.0% 10.16
Hierarchical  33.08 4.1E 0.0% 11.04
Std. Coarse 32.10 4.0E 0.0% 4.16
Dataset: C5 | Size: large

AIR 41.25 14.3E 0.0% 9.98
PEER 45.37 14.0E 0.0% 9.95
Hierarchical  45.65 14.4E 0.0% 11.05
Std. Coarse 43.13 13.2E 0.0% 4.16
Dataset: Wikitext-103 | Size: small

AIR 21.82 324.1P 0.1% 10.78
PEER 22.25 352.9P 0.0% 10.76
Hierarchical — 22.55 350.5P 0.0% 10.97
Std. Coarse 23.84 342.6P 0.0% 4.28
Dataset: Wikitext-103 | Size: medium

AIR 18.62 756.0P 0.0% 10.84
PEER 18.71 751.2P 0.0% 10.68
Hierarchical  19.27 954.8P 0.0% 11.04
Std. Coarse 18.79 836.8P 0.0% 4.51
Dataset: OpenWebText2 | Size: small

AIR 32.14 505.0P 1.4% 10.02
PEER 33.10 505.6P 0.0% 10.25
Hierarchical 36.05 502.6P 0.0% 10.48
Std. Coarse 36.05 493.9P 0.0% 4.11
Dataset: OpenWebText2 | Size: medium

AIR 20.51 3.6E 0.0% 10.32
PEER 21.30 3.5E 0.0% 10.19
Hierarchical  23.07 3.5E 0.0% 11.00
Std. Coarse 21.25 3.5E 0.0% 4.24
Dataset: OpenWebText2 | Size: large

AIR 16.65 11.2E 0.0% 10.33
PEER 17.88 11.2E 0.0% 10.18
Hierarchical  18.17 11.3E 0.0% 11.01
Std. Coarse 16.98 11.3E 0.0% 4.27
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Figure 4: Qualitative Comparison of Expert Usage. Existing routing methods impose hard struc-
tural constraints on the expert selection mechanism, either via structural constraints (PEER) or grouping
constraints. These constraints, in turn, lead to routing artifacts depicted in (a) and (b), respectively. AIR-
MokE;, in contrast, imposes no assumptions by computing an approximation of the top-K expert scores whose
quality is based on how well the internal representation cluster naturally.

F.2 Qualitative Differences in Expert Usage

The greatest difference between AIR-MoE and the considered baselines for granular MoE lies in the fact
that AIR-MoE does not impose restrictions, as can be seen in Fig. 4: Both PEER and the hierarchical
router achieve FLOP-efficient routing via coupling neighboring expert indices via weight sharing (PEER) or
grouping (hierarchical). AIR-MoE, in contrast, does not impose such restrictions and therefore provides a
more flexible model.
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